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Abstract

We study some path transformations related to Pitman’s theorem [28, Th. 1.3] on
Brownian motion and the three-dimensional Bessel process. We relate these to the
Littelmann path model (see [22]) and give applications to representation theory and
to Brownian motion in a Weyl chamber.
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1. Introduction

Some transformations defined on continuous paths with values in a vector space
have appeared in recent years in two separate parts of mathematics. On the one hand,
Littelmann [22] developed his path model in order to give a unified combinatorial setup
for representation theory, generalizing the theory of Young tableaux to semisimple
or Kac-Moody Lie algebras of type other than A. On the other hand, in probability
theory, several path transformations have been introduced that yield a construction of
Brownian motion in a Weyl chamber starting from a Brownian motion in the cor-
responding Cartan Lie algebra. The oldest and simplest of these transformations
comes from Pitman’s theorem [28, Th. 1.3], which states that if (B;);>0 is a one-
dimensional Brownian motion, then the stochastic process R, := B; —2info<,<; By is
a three-dimensional Bessel process; that is, it is distributed as the Euclidean norm of
a three-dimensional Brownian motion. (Actually, Pitman stated his theorem with the
transformation 2 supy,, Bs — B;, but thanks to the symmetry of Brownian motion,
this is clearly equivalent to the above statement.) It turns out that the fact that, here,
the dimension of the Brownian motion is equal to one, the rank of the group SU(2),
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while three, the dimension of the Bessel process, is the dimension of the group SU(2),
is not a mere coincidence but a fundamental fact that we clarify in the following.
Pitman’s theorem has been extended in several ways. The first step has been the result
of Gravner, Tracy, and Widom [15] and of Baryshnikov [1]; it states that the largest
eigenvalue of a random (n x n)-Hermitian matrix in the Gaussian unitary ensemble
(GUE) is distributed as the random variable

n

sup Z (Bi(ti) = Bi(ti-1)),

I=ty 2ty Z-20h20=0 ;=

where (Bq, ..., B,) is a standard n-dimensional Brownian motion. This result in turn
was generalized in [7] and [27]. These extensions involve path transformations that
generalize Pitman’s transform and are closely related to the Littelmann path model.
One of the purposes of this article is to clarify these connections as well as to settle
a number of questions raised in these works. In the course of these investigations, we
derive several applications to representation theory. These path transformations occur
in quite different contexts since the one in [7] is expressed by representation-theoretic
means, whereas the one in [27] is purely combinatorial and arises from queuing theory
considerations.

Let us describe more precisely the content of the article. We start by defining the
Pitman transforms, which are the main object of study in this article. These transforms
operate on the set of continuous functions  : [0, T] — V with values in some real
vector space V such that w(0) = 0. They are given by the formula

P (t) = (1) — tinfoav(n(s))oz, 1[0, T].

Here o € V and@” € VV (where V" is the dual space of V) satisfy a¥(«) = 2. These
are multidimensional generalizations of the transform occurring in Pitman’s theorem.
They are related to Littelmann’s operators, as shown in Section 2.2. We show that
these transforms satisfy braid relations; that is, if &, 8 € V and @, ¥ € V'V are such
that V(o) = BY(B) = 2, «V(B) < 0, BY(«) < 0, and V(BB () = 4cos*(rr/n),
where n > 2 is some integer, then one has

PPy Py =Py PoPp -+,

where there are n factors in each product. Consider now a Coxeter system (W, S) (see
[8], [18]). To each fundamental reflection s; we associate a Pitman transform Z,,. The
braid relations imply that if w € W has a reduced decomposition w = s; - - - 5, then
the operator 2, = 2, - - - #,, is well defined; that is, it depends only on w and not
on the reduced decomposition. We show that if W is a Weyl group, wy € W is the
longest element, and if 7 is a dominant path ending in the weight lattice, then for any
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path 7 in the Littelmann module generated by 7, one has
T = Wwoﬂ- (11)

The path transformation introduced in [27] can be expressed as #,,,, where wy is the
longest element in the Coxeter group of type A.

We derive a representation-theoretic formula for 2,,, in the case of a Weyl group,
expressed in terms of representations of the Langlands dual group (see Theorem 3.12).
This formula is canonical in the sense that it is independent of any choice of a reduced
decomposition of w in the Weyl group. It is obtained by lifting the path to a path
g(t) with values in the Borel subgroup of the simply connected complex Lie group
associated with the root system. Then one obtains integral transformations, which
relate the diagonal parts in the Gauss decompositions of the elements wg(¢). The
Pitman transforms are obtained by going down to the Cartan algebra by applying the
Laplace method. By (1.1), we obtain in this way a new formula for the dominant
path in some Littelmann module, in terms of any of the paths of the module, which
is a generalization to arbitrary root systems of Greene’s formula (see [14]). As a
by-product of this formula, we also obtain a direct proof of the symmetry of the
Littlewood-Richardson coefficients.

This formula appeared in [7], where it was conjectured that the associated map
transforms a Brownian motion in the Cartan Lie algebra into a Brownian motion in
the Weyl chamber. This conjecture was proved in [7] for some classical groups. Here
we give a completely different proof, valid for all root systems.

This article is organized as follows. In Section 2, we define the elementary Pitman
transformations operating on continuous paths with values in some real vector space V,
taking the value zero at zero. The first result is a formula for the repeated compositions
of two Pitman transforms which implies that they satisfy the braid relations. Then we
define Pitman transformations £2,, associated to a Coxeter system (W, S). In Section
3, we prove our main result, which is a representation-theoretic formula for these
operators £, in the case where W is a Weyl group. This formula unifies the results
of [27] and [7]. Results of Berenstein and Zelevinsky [2] and Fomin and Zelevinsky
[13] on totally positive matrices play a crucial role in the proof. In Section 4, we
make some comments on a duality transformation naturally defined on paths, which
generalizes the Schiitzenberger involution, and give an application to the symmetry of
the Littlewood-Richardson rule. In Section 5, we give two proofs of the generalization
of the representation of Brownian motion in a Weyl chamber obtained in [27] and
[7]. One of the proofs relies essentially on the duality properties, while the other uses
Littelmann paths in the context of Weyl groups. Finally, we come to the appendix, to
which we have postponed a technical proof.
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2. Braid relations for the Pitman transforms

2.1. Pitman transforms
Let V be a real vector space with dual space VV. Let @ € V and «¥ € V" be such
that ¥ (o) = 2.

Definition 2.1
The Pitman transform £, is defined on the set of continuous paths 7 : [0, T] — V,
satisfying 7 (0) = 0, by the formula

Pur(t) = 7(t) — lilgoav(ﬂ(s))ot, T>1t>0.

This transformation seems to have appeared for the first time in [28] in the one-
dimensional case. Note that #,, actually depends on the pair («, @"). For simplicity,
we use the notation Z,; it is always clear from the context which o is involved.

When, for some v € V, & is the linear path 7 (¢) = tv, then Z,m = 7 when
av(v) > 0and 2, = s,m when aV(v) < 0, where s, is the reflection on V:

SqU =V —a’ (V). 2.1

PROPOSITION 2.2

The Pitman transforms satisfy the following properties.

@) For any ) > 0, the Pitman transformation associated with the pair (Ao, o” /1)
is the same as the one associated with the pair (o, V).

(i) One has oV (P, (t)) > 0 for all t € [0, T). Furthermore, Z,n = 7 if and
only if «¥((t)) > O forallt € [0, T].

(iii))  The transformation 2, is an idempotent; that is, P, P, = P47 for all .

(iv) Letm : [0, 00[— V be a path; then —info,<7 o (7 (1)) € [0, ¢V (L7 (T))].
Conversely, given a path n satisfying n(0) = 0, «”(n(t)) > Oforallt € [0, T],
and x € [0, oY (n(T))], there exists a unique path 7t such that P,m = n and
x = —infrs;>0 ¥ (7w (t)). Actually, 7t is given by the formula

m(t) = n(t) — min (x, Ti>nf>totv(n(s)))oz. (2.2)

Proof

Items (i) and (ii) are trivial, and (iii) follows immediately from (ii). Hopefully, the
reader can give a formal proof of (iv) (see the appendix for such a proof), but it is
perhaps more illuminating to stare for a few minutes at Figure 1, which shows, in the
one-dimensional case with @ = 1, «" = 2, the graph of a function g : [0, 1] —> R as
well as those of I, —I, and f = 2, g, where I(s) = info<,<s; g(&). a
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Figure 1

2.2. Relation with Littelmann path operators
Using Proposition 2.2(iv), we can define generalized Littelmann transformations.
Recall that Littelmann operators are defined on paths with values in the dual space
a* of some real Lie algebra a. The image of a path is either another path or the
symbol 0 (actually the zero element in the Z-module generated by all paths). We
define continuous versions of these operators.

Definition 2.3
Let w : [0, T] — V be a continuous path satisfying 7 (0) = 0, and let x € R; then
E} 7 is the unique path such that

PyEST = Pymw and o' (Ein(T)) =a"(7(T)) +x

if —2aV(@(T)) + 2info<<r ¢V ((t)) < x < —2info<ra”(w(t)) and E}7r = 0
otherwise.



132 BIANE, BOUGEROL, and O’CONNELL

One easily checks that EQr = 7 and Ey Eyw = Eg " as long as Eym # 0. When
a is aroot and o its coroot in some root system, then E2 and E* coincide with the
Littelmann operators e, and f,, defined in [22]. Recall that a path 7 is called integral
if its endpoint 77 (7') is in the weight lattice and, for each simple root ¢, the minimum
of the function ¥ (77 (¢)) is an integer. The class of integral paths is invariant under
the Littelmann operators. For such paths, the action of a Pitman transform can be
expressed through Littelmann operators by

Pomt = ey (), (2.3)

where n, is the largest integer n such that e, () # 0.

2.3. Braid relations
An important property of the Pitman transforms is the following result.

THEOREM 2.4
Leta,B € V,and let a¥, BY € VY be such that o (o) = BY(B) = 2, a¥(B) < 0,
BY (@) < 0av(B)BY(a) = 4cos’(r/n), where n > 2 is some integer; then one has

PoPpPy -+ =PpPoPp -+,
where there are n factors in each product.

We prove Theorem 2.4 as a corollary to the result of Section 2.4. Note that if " (8) =
BY(a) = 0, then 2,25 = Pp#, by a simple computation. For crystallographic
angles (i.e., n = 2,3,4,6), a proof of Theorem 2.4 could also be deduced from
Littelmann’s theory (see [23] or [19]). We provide still another (and hopefully more
conceptual) proof for these angles in Section 3 (see Remark 3.10). The general case
seems to be new.

24. A formula for Py PPy Pp - - -

Let @, 8 € V, and let «¥, 8 € VY be such that «¥(8) < 0 and BY(«x) < O.
By Proposition 2.2(i), we can—and do—assume by rescaling that a”(8) = BY(«)
without changing 2, and #g. We use the notation

1

\2 1 \2 \ \
p=—5a"B)=—3p"@. X®=a"(1). V&) =p'(x0).
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THEOREM 2.5
Let n be a positive integer; if p > cos(ir/n), then one has

n—1
@ PpP0- =20~ inf (Y TZ0))w
—_— 1Zs0Z81 225120 \ 4=
n terms
n—2
— i . (+D¢g.
tZS()ESléI'l‘fESn—ZEO ( ; fie)z (s’)>’3’ (2.4)
where Z® = X if k is even and Z® =Y if k is odd. The Ty (x) are the Tchebycheff
polynomials defined by To(x) = 1, Ti(x) = 2x, and 2x Ty (x) = Ti_1(x) + Ty 1(x) for
k>1.

The Tchebycheff polynomials satisfy Tj(cos 6) = (sin(k + 1)0)/sin 6; and, in partic-
ular, under the assumptions on p and #, one has T;(p) > O forallk <n — 1.
Assuming Theorem 2.5, we obtain Theorem 2.4.

Proof of Theorem 2.4

LetaY(B) = BY(a) = —2cos(x/n); thenone has T,,_1(p) = 0, and the last term in the

coefficient of « in the right-hand side of (2.4) vanishes. It follows by inspection that

this term equals the coefficient of « in the analogous formula for g2, %4 - - - 7 (t).
~—————

n terms
A similar argument works for the coefficient of S. O

The proof of Theorem 2.5 is by induction on n. It is easy to check the formula for
n = 1 or 2. We do the induction in Sections 2.5 and 2.6.
See Figure 2 for a picture of the case p = 1/2.

2.5. Two intermediate lemmas
LEMMA 2.6
Let X : [0, t] — R be a continuous function with X(0) = 0, and let

to =sup{s > 0| X, = inf X,}.

s>u>0

Then for all u < ty, one has
inf (X(s)—2 inf X =— inf X(v).
inf (X(s) =2 inf X(w))=— inf X(v)

t=s>u

Proof
This is obtained as a by-product of the proof in Section 6. Again, it is perhaps more
convincing to stare at Figure 1 than to give a formal proof. i

Elaborating on this, we obtain the next result.
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LEMMA 2.7
Let X and Y be continuous functions such that X(0) = Y (0) = O, then

inf (X(s)+ inf ¥())

t>5>0 s>u>

= inf X inf (X(s)—2 inf X inf (Y inf X .
Iyt X0+ Il (X0 =2 Inf X0+ I (VG0 + f, XW)

t>5>

Proof
The first term is I = inf;>;>,>0(X(s) + Y (u)). Let £y be, as in Lemma 2.6, the last
time when X reaches its minimum over [0, ¢]; then
I =inf( inf (Y(u)+ X(1%)); inf (Y (u)+ X(s))).
to>u>0 t>s>u>1ty>0
Let J be the second term in the identity to be proved; then

J = inf [X(s)—2 infOX(u)—i- infO(Y(u)—i— infOX(v))]—i—X(to).

t>5>0

Introduce again the time fy; then

J= inf (X(s)—2 >inf>0X(w)—|—Y(u)+ iniiOX(v))—{—X(to)

t>s>u>0

= inf( info (Y(u)+ X(s)—2 inf X(w)+ inf X©)+ X(%));
t>s>u>0 s>w>0 u>v>0

Zszuz
inf (Y(u)+ X(s) —2 inf X(w)+ inf X(v)+ X(to))).
t=s>u>1ty s>w>0 u>v>0

But if u < #y, then by Lemma 2.6, one has inf;>;>,(X(s) — 2infs>y>0 X(w)) =
—infy>y>0 X(v). If o < u, then inf;>,>0 X(w) = X(#); therefore

J = inf(t i>nf>0(Y(u) + X(to));0>in£t Y @)+ ,i“f X(s))
= inf (, i>15f> O(Y (u) + X(1)); . >i£1>fl >0(Y (1) + X(5)))

=1 O

2.6. Proof of Theorem 2.5
Assume that the result of the theorem holds for some n with n even. Then

PP Py = PPy Py Po,

n + 1 terms n terms

and one has

a¥(Pym(s)) = X(s) — 2 infOX(u),

S>u>

BY(Zum() = Y(s) +2p_inf X(w).
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Therefore, by the induction hypothesis,

ga'@ﬁya"'n(l‘)2'@&*@&@&"'(*@0(7[)(1‘)
——— —
n 4+ 1 terms n terms

n—1

= (1) — inf X(s)a - inf (Zoj Y}(p)Z(i)(si))a

1>850>851 > >85,-12>0

n—2
S <§ T2V (s)B,

1=S0=2812 2822

where

X(s) —2infg>,>0 X(u)  fori even,

50 () —
a () {Y(s)—l—ZpinfszuzoX(u) for i odd.

The coefficient of « in the above expression has the form
H, = — inf To(p)X(s)
t>5>
— inf (To(p)X(s) =2 inf To(p)X(u)+ inf (D(u)+ inf To(p)X(v))),
t>5>0 s>u>0 s>u>0 uz=v=0
where

L) = Ti(p)Y () + 2pTi(p) Mirgo X(v)

n—1

+ inf_ ( ; T2 w)) = To(p) Jinf X()

UZUIZUZZ 2 Up—] 2

n—1
= T1(p)Y (u) + T»(p) Iélgo X))+ inf (Z; T,-(p)2<i)>,

UZur>uz>->uy 120

so that we can apply Lemma 2.7 to transform it into
Hy = — inf (To(p)X(s)+ inf I'(u)).
t>5>0 s>u>0

Let us prove by induction on k that

2%
H, = — inf (Z T:(0)ZD (u;) + Wk(uzk—l))
i—0

tZuo=uy == Uk
with

n—1
We(v) = inf (X T Z2%w).
VU = U1 = ZUp—1 20 Py’
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Indeed, the formula holds for £ = 1 by the computation above. Assume that this holds
for some k; then one has

2k

Ho=— _inf (3 T0)Z0w) + Wit )
TZuozuy =z Uz =0
2k—1

=— it (Y T@ZO%+ inf Ta(pX@)
I >ur> >k Py Uz—1=v=0
220 (Ta(P)X () = 2inf To(0) X (w))
+ inf (Re@)+ inf Ta(p)X(@)),
w>z>0 722120

where

Ri(2) = Tor (0)Y (2) + 2,0T2k+1(,0)ziIT1£0 X(7)
n—1

+ it (0 29%n) — inf Tu(p)X(r)

ZZU42 = Up—1 \ |
i=2k+2

n—1
= T (P)Y @)+ Tasalp) inf X+ _ inf (Y 2%w)),

IZ2U%42 = Up—1 \
i=2k+2

where we used 2pTo;+1(p) — Tox(p) = Tox+2(p). Applying Lemma 2.7, we get

2k—1
Ho=— _ _inf (Y T0z%0+ inf (Ta(@X)+ inf Ri(2))
[ZuyZup > ZUz—1 o uzp—1=v>0 w>z>0
2k+2

== il (Y T0Z0w) + W),
i=0

2U0ZU = ZUDk42
Taking k = n gives the required formula for H,. For the coefficient of §, note that
PoPpPy -+ () = Po(PpPyPp - 7))
—— ~————
n+ 1 terms n terms

and that the formula for n + 1 follows immediately from the formula at step n for
PpPoPg - - - . The case where n is odd is treated in a similar way. O
—— —

n terms

2.7. Pitman transformations for Coxeter and Weyl groups
Let W be a Coxeter group; that is, W is generated by a finite set S of reflections of
a real vector space V and (W, §) is a Coxeter system (see [8], [18]). For each s € S,
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let oy € V, and let ) € VY, where V'V is the dual space of V such that s = s,, is
the reflection associated to o (see (2.1)). Then «; is called the simple root associated
with s € S and «) is called its coroot.

Denote by 2, the Pitman transform associated with the pair («, ;). By the
results of the preceding sections, the 2, s € S, form a representation of the monoid
generated by idempotents satisfying the braid relations. Such a monoid occurs in the
theory of Hecke algebras for ¢ = 0 and in the calculus of Borel orbits (see, e.g., [20],
where this monoid is called the Richardson-Springer monoid).

Let H, be the closed half-space H;, = {v € V]a/(v) > 0}. Let w € W, and
let w = s;---5; be a reduced decomposition of w, where [ = [(w) is the length of
w. By Theorem 2.4 and a fundamental result of Matsumoto in [8, Ch. IV, No. 1.5,
Prop. 5], the operator Z, - - - Z,, depends only on w and not on the chosen reduced
decomposition. We denote this operator by 2.

PROPOSITION 2.8
Letw € W,let L, = {s € S|l(sw) < l(w)}, and let R, = {s € S|l(ws) < [(w)}.
For any path 7, the path 2,7 lies in the convex cone () H;; one has #; 2, = 2,

foralls € L, and P,P; = P, forall s € R,,.

seLy,

Proof

If I(sw) < l(w), then w has a reduced decomposition w = ss; - - - s; therefore
Py = PPy, -+ Py, and Pymw = P(Py, - - - Py, ) lies in H, by Proposition 2.2(ii).
Furthermore, one has #;2,, = 2,, since Z; is an involution (see Proposition 2.2(ii)).
Similarly, 2,2, = #,, when l(ws) < [(w). a

COROLLARY 2.9

If W is finite and wy is the longest element, then 2w takes values in the closed
Weyl chamber C = (e Hs. Furthermore, 2., is an idempotent and 2 ,%,,, =
PuPw = Py, forallw e W.

Assume now that W is a finite Weyl group associated with a weight lattice in V. Recall
that paths taking values in the Weyl chamber C are called dominant paths in [22] and
that the set B of all (nonzero) paths obtained by applying products of Littelmann
operators to a dominant path 7 is called the Littelmann module. From the connection
between Pitman’s and Littelmann’s operators given in Section 2.2, we deduce the
following (see also [23]).

COROLLARY 2.10
Let w be a dominant integral path, then a path n belongs to the Littelmann module
B if and only if n is integral and m = P, 1.
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Proof

Indeed, for any path 1 and x such that E}n # 0, one has 2, E}n = ?,n; therefore
P ELn = PyPoEin = Py,n. It follows that the set of paths whose image by
P, 1s m is stable under the action of Littelmann operators. If 7 is an integral path
such that 2,,,n = 7 and wyg = s7 - - - 5, is a reduced decomposition, then by Section
2.2, the sequence 1, 2y, 1, Pa,_,Pa 1, - - ., T is obtained by successive applications
of Littelmann operators; therefore they all belong to the Littelmann module Bx. O

Let us come back to the general case of a finite Coxeter group. We now study the set
of all paths n such that 2,5 is a given dominant path. Let w = s; - - - 5, be a reduced
decomposition. Let n be a path such that n(0) = 0 and 7 = 2,7 is a dominant
path. Denote no = 7, n, = n,and n; = &5, - Py, for j =1,2,...,q — L.
Then by Proposition 2.2(iv) for all j = 1,2, ..., q, the path n; is uniquely specified
among paths y such that @Siy = n;_1 by the number x; = —info<,<7 a‘vvj(r]j(t)) €
[0, asvj (nj—1(T))]. It follows that n = n, is uniquely specified among all paths y such
that 2,y = m by the sequence xi, x2, ..., x,. These coordinates are subject to the
inequalities 0 < x; < asvj(r]j,l(T)). From

nj—1(T) = n;(T) + xjay,
one obtains

J
A (T) = no(T) = nj(T) + ) xiat,.
=1

Therefore the inequality 0 < x; < av(n j—1(T)) reads

0<ux; <a (m(D)) — Zx,a (o).

It follows that the set of all paths 5 such that 2,7 = 7 can be parametrized by a
subset of the convex polytope

Kn:{(xl,...,xq)eRq 0<x; <o (n(I) Zx;a (o) j = 1, }

The path 5 corresponding to the point (x1, ..., x,) is specified by the equalities

nj—1(T) = n;(T) + xjay,

where n; = 2 - P,n. In the case of a Weyl group, it follows from [23] that

i+ "
the subset of K, corresponding to paths n such that 2,7 = x is the intersection of

K, with a certain convex cone that does not depend on 7. This convex cone is quite
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difficult to describe (see [3]). Also, we do not know if a similar result holds for all
finite Coxeter groups. We hope to come back to these questions in future work.

3. A representation-theoretic formula for 2,

3.1. Semisimple groups

We recall some standard terminology. We consider a simply connected complex
semisimple Lie group G associated with a root system R. Let H be a maximal torus,
and let BT, B~ be corresponding opposite Borel subgroups with unipotent radicals
Nt,N~.Letw;,i € I, and ozl.v ,i € I, be the simple positive roots and coroots, and
let s; be the corresponding reflections in the Weyl group W. Let ¢;, fi, h;,i € 1,
be Chevalley generators of the Lie algebra of G. One can choose representatives
w € G for w € W by putting 57 = exp(—e;) exp(f;)exp(—e;) and vw = vw if
[(v) + l(w) = I(vw) (see [13, Sec. 1.4]). The Lie algebra of H, denoted by b, has a
Cartan decomposition h = a + ia such that the roots ¢; take real values on the real
vector space a. Thus a is generated by «;’,i € I, and its dual, a*, is generated by
a;,i € I. The set of weights is the lattice P = {\ € a*; A(aiv) € Z,i € I}, and the set
of dominant weights is P* = {A € a*; A(a;') € N, i € I}. Foreach > € P*, choose a
representation space V; with a highest weight vector v, and an invariant inner product
on V; for which v, is a unit vector.

LEMMA 3.1
For any dominant weight ., w € W and indices iy, ..., i, € I, one has

(i, - - e, wv;, vy) = 0.

Proof
This is an immediate consequence of [3, Lem. 7.4]. O

Let (w;,i € I) € P! be the fundamental weights characterized by the relations
a),-(oz]Y) = §;,j, j € 1. The principal minor associated with w; is the function on G
given by

Awi(g) = (ngi’ vCUi)

(see [2] and [13]). If g € G has a Gauss decomposition g = [g]-[glo[g]+ with
[g]l- € N7, [glo € H, and [g]. € N, then one has

A%(g) = [glg = e lloelsh), G.1)

3.2. Some auxiliary path transformations
We now introduce some path transformations.
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Definition 3.2
Letn; : [0, T] — R™,i € I, be a family of strictly positive continuous functions, and
leta : (0, T] — a be a continuous map such that

/ e %@y (5)ds < oo.
O+

We define, forO <t < T,
t
T ina(t) = a(t) + log (/ e @Dy () dS)Oliv.
0

Observe that, in general, the maps ¢ +— a(¢) and t — 7 ; ,a(t) need not be continuous
at zero. For all that follows, consideration of the case n; = 1 in Definition 3.2 would
be sufficient for our purposes, but the proofs would be the same as the general case.

Let RY be the root system dual to R; namely, let the roots of R" be the coroots of
R and vice versa, and denote by Way , i € I, the corresponding Pitman transformations
on a. Let 7 be a continuous path in a with 7 (0) = 0. For ¢ > 0, let D, be the dilation
operator D,m(t) = em(t). A simple application of the Laplace method yields

Pyt = lim DT, ,D; ' (3.2)
! e—0

We establish, in Section 3.4, a representation-theoretic formula for a product
T iyn -7 i,.n corresponding to a minimal decomposition w = s, - - - 5;, in the Weyl
group. Using this formula, we use (3.2) to get a formula for the Pitman transform.

3.3. A group-theoretic interpretation of the operators I ; ,
Let a be a smooth path in a, and let b be the path in the Borel subgroup Bt = HN*
solution to the differential equation

b = (S a)+ Y nie )b, b0) = id
7 =52 2 mi(he: , = id.
iel
The following expression is easy to check.

LEMMA 3.3
We have

b([) — ea(l) + ea(t) Z Z (/ efot,-l(a(tl))nil(tl)

k>1 .. i elk 1>t >0>->1;>0

. -e_""k(“(’“)nik (t)dty -+ -a'tk>eil -o-e. (3.3)
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Observe that this expression is well defined in each finite-dimensional representation
of G since the operators e; are nilpotent and this sum has only a finite number of
nonzero terms. It is always in this context that we use this formula.

LEMMA 3.4
Foranyt > 0 and w € W, one has

A (b(tyw) > 0.

Proof
By equation (3.3), one has

A (b(tYw) = (" VW, va,)

+ / <eﬂ(1)e—ai1(tl(ll))n, (t)---
Z Z t>tH>t>--->1,>0 "

r>1iy,..,ielr V2202202

e Wy, (t)er, - €, WV, Vo) Aty -+ - dty, (3.4

which is a sum of nonnegative terms, by Lemma 3.1. Furthermore, since v, is a
highest weight vector, there exists some sequence iy, ..., i, such that e; ---e; Wv,,
is a nonzero multiple of v, and the n; do not vanish; therefore the sum is
positive. a

It follows in particular that, according to the terminology of [13], b(¢) belongs to
the double Bruhat cell B, N B_wyB_ and that b(f)w has a Gauss decomposition
b(tyw = [b(t)w]_[b(t)w]o[b(t)w]4 for all t > 0.

Now comes the main result of this section.

THEOREM 3.5
Letw € W, and let w = s;, - - - 55, be a reduced decomposition; then the H-part in
the Gauss decomposition of b(t)w is equal to

exp (jik,n cee 5',-1,,,a(t)).

The fact that the path 7, ,, - - - 7 ;, na(t) is well defined is part of the theorem. By the
uniqueness of the Gauss decomposition, the preceding result implies the following
corollary.

COROLLARY 3.6
The path

g'ik,n e g'il,na(t)

depends only on w and n and not on the chosen reduced decomposition of w.
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We denote by 7 ,a the resulting path. (It depends on n.) We thus have

[b()w]y = e” »*D. (3.5)

Proof of Theorem 3.5

The proof is by induction on the length of w. Let s; be such that [(ws;) = [(w)+ 1. We
assume that the H -part of the Gauss decomposition of b(t)wis 7, ,, - - - T i, na(t), as
required. By (3.1), it is then enough to prove that for all # > O and i, j € I, one has

A (b(Hyws;) = A (b(H)w)
ifi # j and

t
A (b(tyws;) = A (b(t)w) / e~y (s) ds.
0

The claim for i # j follows from [13, Prop. 2.3]. It remains to check the case i = j.

LEMMA 3.7
We have
A (b(t)ws;)
—————— -0 0
A% (b(t)w)
Proof

From the decomposition (3.4), the fact that all terms are positive, and the fact that the
n; are positive continuous functions, we see that as t — 0, one has A® (b(t)w) ~ c;t"
and A% (b(t)ws;) ~ cpt? for some ¢, c; > 0, where [ (resp., [») is the number of
terms in the decomposition of w; — w(w;) (resp., w; — ws;(w;)) as a sum of simple
roots. Since [(ws;) > [(w), the weight w(w;) — ws;(w;) is positive, and one has
L > 1. O

LEMMA 3.8
Let w = s;, - -+ 85, be a reduced decomposition, and let b (t) = [b(t)w]o[b(t)w].
Then one has

Lpwiry= (L7 .7 (e )b”

Zb"(0) = (dt,/ o Tigna®) + Y (0)e; )b(0).

jel

Proof
We do this by induction on the length of w. Assume that this is true for w, and let s;
be such that [(ws;) = [(w) 4+ 1. Then one has

%bwm = (%ﬁua(;) + Xj:njej)bwa).
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Therefore

d w — d w —

b5 = (Efwa(t) n ;nj(t)ej)b (t)5;.

Since b¥(t) € BT, by [2] and [13], the Gauss decomposition of b”(¢)s; has the
form

b (t)s; = exp (B(t) f;)b"* (1)
with B(¢) > O for ¢ > 0, and one has, since f; commutes with all e; for j # i,

d

d
yr b"“’(t)— [GXP( B) f)b" (1)5:]

[ (Eﬂ(t))f; exp ( — ﬁ(t)fz)bw([)fl

d
+exp(— ﬁ(t)ﬁ)(afwa(t) + 3 0 )b )5
J

_ d 1) . bYSi(¢
=— Eﬁ( ) fib™ (1)

+ (%fwa(t) + an(t)ej +n;(OBh; + ni(t),BQ(t)ﬁ)wai o

d
(580 + ST wa) + mOFO)

d
+ T ual) + (OB + Zn (e [ 0.

Since b"%(t) € By, one has £ B(1) + La;(T,a(t)) + B*(t) = 0. Therefore

e~ (T wa()

ct fot e (Tua®)p.(s) ds

B(t) =

for some constant C > 0. Integrating the H part of the Gauss decomposition of b"* (¢),
we see that this part is equal to

t
exp (7 wa(t)) exp (c/ + log (c + / e”"'(T'”“(S))ni(s)ds))h,-. (3.6)
0
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Therefore

Awi b t _i d g
AT b@ws:) )uf ) _ exp(C’)(C +f e 0T wal Dy (s) ds)
A (b(tyw) 0
and C = 0, by Lemma 3.7. We conclude that
e~ (T wa())

(1) = |
B foz e~ TwalDp; (s)ds

This implies that

o—(T pa)

ibw&'(t) = [iﬂ‘wa(t) +n;(1)

h; (e |bVi(t
dt dt fOt e_ai(Twa(S))ni(s) ds + Xj:nj( )e]] ( )

= [%g}ng‘wa(z) + Xj:n,-(t)e,-]b“"" (®),

as required. O

From (3.6), we obtain

A®(b(t)ws;) o —T walt) _ / /t —a;(Tpa(s))
——————— = AY(e7 7" pY(t)s;) = exp(C’) e wdSp (s)ds.
A%i(b(t)w) ( ) P 0

Differentiating with respect to 7, we get

d .
—Twa) pw e, — ,—7 walt) . o T wa(t) ,—T walt) pw Ve,
dte b¥(t)s; = e Ej nj(t)eje e b¥(t)s;

= < Z e_aj(jwa(l))nj (t)ej>e_v7wa(t)bw(t)gi’
i

where e=7 »“®Op¥(¢) € N. It follows that

d (A”(b(tws;)| —a;(T palt) —T wa(t) pw <
T E G R ey
= e T Dy, (1) (€151 Vi » V)

— e_ai (Fwa(t))ni (t)

Therefore C’ = 0. This proves the claim for i = j and finishes the proof of Theo-
rem 3.5. 0
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COROLLARY 3.9
The transformations  ; , satisfy the braid relations

a a — g a
Ji,an,n"'—f/j,nJi,n"'y

m(i, j) terms m(i, j) terms

where m(i, j) is the Cartan integer ai(ocJY).

Remark 3.10

In the case of rank-two groups, the braid relations of Corollary 3.9 and an application
of the Laplace method yield the braid relations for Pitman operators, as in Theo-
rem 2.4, in the case of cristallographic angles w/m, m = 2, 3,4, 6. It is instructive
to give an elementary derivation of the braid relations for the .7; , in the simplest
nontrivial case, namely, type A, (i.e., m = 3). In this case, the relations amount to

/ds/ dr P S 2O / /d F(r )G(S) 2 3.7)
G(r) H(s) G(r) H(s) '

for some positive continuous functions F, G, H, where
s s -1
G(s) = ( / Gr)H ()™ dr) G(s)
0
and
A(s) = (/ G(r)H(r)*ldr)H(s).
0

This can be checked directly by an application of Fubini’s theorem or by an in-
tegration by parts. Similar but more complicated formulas correspond to the other
crystallographic angles /4 and 7 /6.

From (3.7), one recovers, by the Laplace method, the identity

XAEVY)AYAZD)=EAY)AZ (3.8)

for continuous functions x, y, z with x(0) = y(0) = z(0) = 0 and (nonassociative)
binary operations V and A defined by

(x 43)(0) = inf [x(s) = ¥(s) + ¥(0)) (3.9)

(x Vy)t) = sup [x(s) — y(s) + y(@®)]. (3.10)

0<s<t
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This is equivalent to the n = 3 braid relation for the Pitman transforms. For a queuing-
theoretic proof, which some readers might find illuminating, see [25]. Lemma 2.7 is
a special case.

3.4. Representation-theoretic formula for 2,
Letw € W, and let A be adominant weight; then A —wA can be decomposed as a linear

combination of simple positive roots A — wA = Y ., u;&;, where u; are nonnegative

iel
integers. If (ji, ..., j) € I" is a sequence such that (¢, - -e; wvy, v)) # 0, then the
number of k’s in the sequence ji, ..., j, is equal to u;. In particular, the number r
depends only on w and A. We let S(1, w) denote the set of sequences (ji, ..., j,) € I”
such that (ej, ---e; wv;, v;) # 0. Using (3.4) and (3.5), we obtain the following

expression.

PROPOSITION 3.11
Let a be a path in a, and let ). be a dominant weight; then one has

<e,,“7wa(t)v}” v,) = e)»(d(l)) Z e % (a(fl))—"'—a/,(a(tr))njl (t)

o jr)ESOw) Y 120122020

cen () dt - di (e, - e, Ty, ;).

Letw € W, and let 2 denote the Pitman transformation on a for the dual root system
RY. By (3.2), one has

- -1
P = !1_1)1}) D.7 ,D; m.

Using the Laplace method, Lemma 3.1, and Proposition 3.11 applied to fundamental
weights, we now obtain the following expression for the Pitman transform. (Notice
that W acts on a* and a by duality.)

THEOREM 3.12 (Representation-theoretic formula for the Pitman transforms)
Let w € W. For each path 7 on a, one has
Pia)=nt)—> inf (@@ + o))y (B.1)

= J1sees jr €S(wi,w)
i€l t>t>t>1,>0

This formula can be seen as a generalization of the formula in Theorem 2.5. Observe
that sequences ji, ..., j., such as the ones occurring in the theorem, have appeared
already in [3] under the name of “i-trails.” It is interesting to note that such sequences
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appear here naturally by an application of the Laplace method (sometimes called
tropicalization in the algebraic literature).

By Corollary 2.10, we see that Theorem 3.12 provides a representation-theoretic
formula for the dominant path in some Littelmann module which is independent of
any choice of a reduced decomposition of wy.

Remark 3.13
As noted before, formula (3.11) has a structure similar to formula (2.4) (when p =
cos(r/n)). We conjecture that such formulas exist for arbitrary Coxeter groups; that
is, for w € W, there exists r and sets S(s, w) C S” such that

Pt =n(t)—> inf : () T+ +a) @ty (3.12)

S1yeees sr€S(s,w
SES 12n20-21,20

However, we do not know how to interpret these sets S(s, w).

4. Duality

4.1. An involution on dominant paths

As in Section 2.7, we consider a Coxeter system (W, S) generated by a set S of
reflections of V. We assume now that the group W is finite, and we let wy be the
longest element. We fix some 7' > 0; and for any continuous path 7 : [0, T] — V
such that 7 (0) = 0, we let

krn(t)=n(T —t)—m(T).

Clearly, for all paths, k2w = 7. We show that the transformation / = Pk (—wp)
is an involution on the set of dominant paths which generalizes the Schiitzenberger
involution (see Section 4.5 for the connection).

4.2. Codominant paths and co-Pitman operators

A path 7 is called a-dominant if «¥ (7 (¢)) > 0 for all ¢. It is called a-codominant
if k7 is a-dominant or, in other words, if «¥((¢)) > « (7w (T)) for all ¢. Finally,
it is called codominant if it is a-codominant for all . Let us define the co-Pitman
operators &, = k P4k, which are given by the formula

() =) — 1 lf Otv JT(S))o + l]lf (1\/ TT(s))c.
(g)d ( ) ( ) Ze< ( ( )) 0<s< ( ( ))
()1 1€ C]leCkS tl 1€ 1()11()W11 lg.

Pk Py = Py,  E2 =08y, EqPy=08Ey, Pouby=Py.

o
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Furthermore, for all paths , one has
Eqrt(T) = 5Py (T).

The proof of the following lemma is left to the reader.

LEMMA 4.1

The transformations &, satisfy the following properties.

1) &t is the unique path n satisfying n(T) = 5,2y (T) and Poyn = Py7.

(i) &g is the unique path n such that P,n = P,m and that n is o-codominant.

(i)  If w is a-dominant, then &, is the unique path such that ,n = w and
nN(T) = su(7w(T)).

(iv) Eqm = m if and only if w is a-codominant.

The transformations &, play the same role with respect to the Littelmann operators
[« as the transformations 2, do with respect to ¢, (see (2.3)).

LEMMA 4.2
The & satisfy the braid relations.

Proof
The proof follows from &, = kZ,k, k> =id, and the braid relations for the 2,. 0O

One can therefore define &, for w € W, and &, = é"i}o is a projection onto the set
of codominant paths. Furthermore, for all w € W, one has

Ew = KPyk.
In particular,

Ewy = KPu,K.
4.3. An endpoint property

In this section, we prove the following result, which is crucial for applications to
Brownian motion.

PROPOSITION 4.3
For any path 1, one has

Ew,T(T) = woP 7 (T).

Since 2., 8w, = P, it is enough to check this identity for  a codominant path (or
for a dominant path using &, 2, = €uy)-

LEMMA 4.4
Let  be a codominant path, let w € W, and let a be such that l[(s,w) > [(w); then
P, Is a-codominant.
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Proof

First we check the result for dihedral groups. With the notation of Section 2.4, let &

be an «- and B-codominant path, and let n be such that p > cos(r/n); then one has

av(7(T)) < V() and BY (7 (T)) < BY(x(¢)) for all t < T. It follows that in the

computation of g2, Pg - - - w(T) using formula (2.4), the infimum is obtained for
~————

n terms
so = s; = - -+ = T; therefore (assuming n odd for definiteness)

@V (Ps PPy - - 1(T))
= a"(n(T)) + 20" (T) + Ty(p)a” (E(T)) + - - + T (0)B" (w(T))]
—2[@ (1)) + Ti(p)B" (TN + - + To2(p)B (w(T))]
= To_1(p)a” (2(T)) + Tu(p)B" (w(T)),

where we have used the recursion relation of the T;. On the other hand, fort < T,
one has

av(.@ﬂga,@ﬁ .. .ﬂ(l))

—a'(x®)+20  inf  [BY(w(s0) + Ti(p)a” (r(s1))

t>50>>5,-1>0
+ -+ Tii()BY (7 (=)
-2 inf [ (7 (50)) + T1(p)B" (7 (51))

1>50> >85>0
4+ + Tia(p)BY (T (s0-2))]-

In this expression, inside the inf;s>g > >..>5, >0, let us replace each 2pT;(p) by
Ti—1(p) + Ti41(p). We obtain

inf [20B" (70 (50)) + (To(p) + Ta(p)er” ((s1))

t>50281 228,120
+ o (Ta(p) + Tu(e)B (T (50-1)]
z inf__[208"(r(s0) + Ta(p)er” G (s1))

1285028122812
t>uy > >uy-1>0

Lo Tn(p)ﬂv(n(sn—l)) + To(p)a” (7w (uy))
o Tua(p)BY ()]
= it [208"(riso) + o) (r(s) + -+ To()B (e(s,-)]

1=50==8,-120

+ inf eV (s0) + Ti(p)BY (w(s1) + - - - + Tha(p) B (7w (s4-2))].

1>850>-->5,-2>0
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Furthermore,

a’(z®)+  inf  [2p8Y(7(s0) + Ta(p)ar’ (7w (s1) + - -+ + Tu(p)B” (7 (5,-1))]

1>50>>8,-1>0

= inf [ ((s0) + Tu(p)BY (7w (51) + - - - + Tu2(p)B" (T (50-2))]

1250> 28, 2>
+ Tui(p)a” (m(T) + Tu(p)BY (7 (T)).
Putting everything together, we obtain
Olv(glggw@ﬁ .- ~7T(t)) > Olv(ea][;ea]ae@ﬁ .. .H(T)),

and PP, Pg - - -7 is a-codominant. The case of n even is similar. This proves the
claim for dihedral groups.

Consider now a general Coxeter system. We do the proof by induction on I(w).
The claim is true if /[(w) = 0. If it is true for some w, let sg € S be such that
I(sgw) > I(w). Now let  be such that [(s,sgw) > I(sgw) > I(w). Let n be the order
of 5,55, and let

W = SqW]| = SaSpWr = SeSpSqW3 = - -+ = SaSp - - - Wk,
where k is the smallest integer such that
l(w) > [(wy) > -+ > [(wy)
and
[(sqwy) > I(wy), I(sgwy) > I(wy).

Since I(sqSpw) = I(wy) + k + 2, one has k + 2 < n. By the induction hypothesis,
P, () is both - and B-codominant. Then it follows from the dihedral case that
P, Py = PpPynt = PpPoPp -+ Py, 7 is a-codominant. O

LEMMA 4.5

Let w be a codominant path, and let w € W, then 2,7 is the unique path n such that
&w-1m =1 and w(m(T)) = n(T).

Proof

The proof is by induction on /(w), using Lemma 4.4. Let /(s,w) = I[(w) + 1; then
P, is a-codominant. Therefore 2,2, is the unique path n such that £,n = 2,
and n(T) = 52,7 (T). O

Proposition 4.3 is the special case w = wp in Lemma 4.5.
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LEMMA 4.6
We have
(_wO)gwo = gwg(_wO)
Proof
If @ is a simple root, then & = —wyp is also a simple root, and & = —a " wy. It

follows easily that (—wo)2y(—wo) = P.
If wo = o - - - @, is a reduced expression, we thus have
ywo(_w()) = '@0(1 © 'f@a,(_WO) = (_w())ydl ce W&, = (_w())*@wo

since wg = &g - - - @,. a

THEOREM 4.7

The transformation 1 = 2,,,(—wo)k has the following properties:
@) 1> =2y,

(i)  the restriction of I to dominant paths is an involution,

(iii)) [Py, =1;

(iv)  the duality relation: for all paths 7, one has

I7(T) = Py, 1 (T).

In particular, one has I (T) = n(T) when 1 is dominant.

Proof
By Lemma 4.6,

1? = Py k(—w0) 2y (— WK = Pk Pk = PrsyE iy = Py
This proves (i) and implies (ii) since 2,,,m = m when 7 is dominant. This also gives
[Py, =P =1"=1

since the image by I of any path is dominant. Finally, I = 2,,,k(—w) = k&, (—wo),
and Proposition 4.3 gives (iv). O

Property (iv) is important for the first proof of the Brownian motion property.

4.4. Symmetry of a Littlewood-Richardson construction

The concatenation & % 1 of two paths # : [0, T] — V n : [0, T] — V is defined
in Littelmann [22] as the path w x5 : [0, T] — V given by 7 % n(t) = 7 (2¢) when
0<t<T/2andm *xnt)=n(T)+n2t —T/2))whenT/2 <t <T.
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LEMMA 4.8
Forallw € W, one has 2,,(w xn) = P, () x 0, where 2,,(n") = P, (1).

Proof

One uses induction on the length /(w) of w. When /(w) = 1, it is easy to see that
P (T *n) = Py(w) x 1/, where 2,(n) = 2, (1'). Since 2,,, P, = Py, the claim
is thus true in this case. Suppose that it holds for elements of length n. Let w = w;s,
where [(w) = n + 1, [(wy) = n; then one has

g’w(ﬂ*ﬁ) =9’w19s(ﬂ*77) :@wl(ys(ﬂ)*n/)a
where 2,1 = ?,,,n. Now, by induction hypothesis,
gun('@.f(ﬂ)* 7]/) = (@wlgs)(ﬂ)* 77”,

where 2,,,n" = 2,,,1’; and therefore 2,,,n" = P, 1. O

In the case of Weyl groups, Littelmann has given the following analogue of the
Littlewood-Richardson construction. Let 7 and 1 be two integral dominant paths
defined on [0, T']; then the set

LR(mw, n) = {m x| € Bn, w *x u is dominant}

gives a parametrization of the decomposition into irreducible representations of the
tensor product of the representations with highest weights 7 (7") and n(T"). By Theo-
rem 4.7(iii), one has I(n)(T) = n(T) and I(;r)(T) = 7 (T); therefore LR(I(n), I())
gives a parametrization of the decomposition of the tensor product of the representa-
tions with highest weights n(7") and 7 (T').

PROPOSITION 4.9
The map I : LR(r, n) — LRI (n), I()) is a bijective involution, which preserves
the endpoints.

Proof
Let m » u € LR(7r, n). By Lemma 4.8, there is a path £ such that
I % 1) = Py (1 (—wo) (T * ) = Puyy (kK (—wo)(11) * k(—w0)(7))
= Puy (kK (—wo)(1)) * &

and 2§ = 2,(k(—wo)(7w)) = I(7). By Theorem 4.7(iii), one has I(u) = I(n);
thus I(w ) € LR(I(n), I()). One easily checks that I preserves integrality, and
the other properties follow from Theorem 4.7. O
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4.5. Connection with the Schiitzenberger involution

In the case of a Weyl group of type A,_i, the transform £, is connected with
the Robinson, Schensted, and Knuth (RSK) correspondence. Let us consider a word
vv; - - - v, written with the alphabet {1, 2, ..., d}. Let (P(n), Q(n)) be the pair of
tableaux associated with this word by RSK with column insertion (see, e.g., [14]). Let
a= {(xl, ..., xq) € RY Z?:l X; = O}, and let (e;) be the image in a of the canonical
basis of RY, We identify v; with the path n; : t > te,,, 0 <t < 1, and we consider the
pathw = ny*n; - - -*n,. Then 2, 7 is the path obtained by taking the successive shapes
of O(1), Q(2), ..., Q(n) (see Littelmann [22], [24], or [25] for a direct combinatorial
proof). Let us consider the pair (P(n), O(n)) associated by the RSK algorithm to
the word v - - - vj, where v* = d 4+ 1 — v. The Schiitzenberger involution is the
map that associates the tableau O(n) to the tableau Q(n) (see [12], [14], [21]). The
path associated with the word v --- v} is I(;). Thus I is a generalization of this
involution. Note that / makes sense not only for Weyl groups but also for any finite
Coxeter group.

5. Representation of Brownian motion in a Weyl chamber

5.1. Brownian motion in a Weyl chamber
In this section, we recall some basic facts about Brownian motion in Weyl chambers.

We consider a Coxeter system (W, S) generated by a set S of reflections of a
Euclidean space V, and we assume that W is finite. We denote by C the interior of a
fundamental domain for the action of W on V (a Weyl chamber), and we denote by C
its closure.

If W is the Weyl group of a complex semisimple Lie algebra g with compact form
gr, then V is identified with a*, the dual space of the Lie algebra of a maximal torus
T, and the Weyl chamber C = @’} can be identified with the orbit space of gj under
the coadjoint action of the simply connected compact group K with Lie algebra gr
(up to some identification of the walls). Let Z be a Brownian motion with values in
gr Whose covariance is the Killing form. It is well known that the image of Z in the
quotient space gg /K remains in the interior of the Weyl chamber for all times ¢ > 0,
even if the starting point is inside some wall. Since the transition probabilities of Z
are invariant under the coadjoint action, it follows that this image, under the quotient
map, is a Markov process on C. A description of this Markov process can be done
in terms of Doob’s conditioning. Namely, the process is obtained from a Brownian
motion X on V = a* killed at the boundary of the Weyl chamber by means of a Doob
transform with respect to the function

h(v) = ]_[ o«(v), vev,

aeRt
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where R™ is the set of positive roots, which is the unique, up to a scaling factor,
positive harmonic function on C which vanishes on the boundary (see [6]). Recall
that, by the reflection principle, the transition probabilities for the Brownian motion
killed at the boundary of the Weyl chamber are

pl, yydy =Y e(w)pi(x, wy)dy, x,yeC, (5.1)
weW

where p,(x, y)dy are the transition probabilities for the Brownian motion X given by
the Gaussian kernel on a* whose covariance is that of the Brownian motion. Thus the
probability transitions for the Doob process are

h(y)

ai(x. V) dy = o8 > ew)pi(x, wy)dy (5.2)
weW

for x € C. These probability transitions can be continued by continuity to x € C , in
particular, to x = 0.

For a general finite Coxeter group, formula (5.1) still gives the probability tran-
sitions of the Brownian motion Killed at the boundary of the Weyl chamber. Let /& be
the product of the positive coroots, defined as the linear forms corresponding to the
hyperplanes of the reflections in the group W, taking the signs so that they are positive
inside the Weyl chamber; then the function /4 is still the only (up to a multiplicative
constant) positive harmonic function vanishing on the boundary, and the equation
(5.2) defines the semigroup of what we call the Brownian motion in the fundamental
chamber C of V.

We prove that the Pitman operator #,,, applied to Brownian motion in V' yields
a Brownian motion in the Weyl chamber. We give two very different proofs of
this. The first one uses in an essential way the duality relation of Proposition 4.3
and a classical result in queuing theory. The second one uses a random walk ap-
proximation and relies on Littelmann theory and the Weyl character formula. It
is valid only for Weyl groups. We have chosen to present this second proof be-
cause it emphasizes the close connection between Brownian paths and Littelmann
paths.

5.2. Brownian motion with a drift
We now consider a Brownian motion in V with invariant covariance but also with a
drift £ € C. Its transition probabilities are now

2
pt,E(X, y) = p,(x, y) exp <(§’ y — )C) _ @t)

Actually, the distribution of this Brownian motion on the o -field &, generated by the
coordinate functions X;, s < ¢, on the canonical space is absolutely continuous with
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respect to the distribution of the centered Brownian motion with density

exp ({6, X, = Xo) - @t)

Consider such a Brownian motion in V with drift &, starting inside the chamber at
point x, and killed at the boundary of C. The distribution of this process at time ¢ is
therefore given by the density, for y € C,

—2 2
pr(x, y)exp ((f, y—x) — ||52|| t) - u;s(w)p,(x, wy) exp ((E, y—x) — ||$2|| t)
2

= 5 0 s-wes (-5,

where we have used the invariance of p, under the Weyl group. We now integrate this
density over C in order to get the probability that the exit time from C is larger than
t. Denoting by T¢ this exit time, one has

. €11
P(Tc > 1) = Z e(w) g (0, y — wx)exp ((é, y—x)— —t) dy.

2
weW

Since the drift £ is in the chamber, for large ¢ one has

€N
/V\c exp ((é, y—Xx)— Tt) dy — 0.

Therefore

€1

[ pi0y = wmresp (6.5 =0 = 1) dy — exp (€, win) =)

and
tl_l)r(r)lo P(Tc >t) = P(Tc = 0) = Z e(w) exp ((E, w(x) — x)).
weW

We denote this function by hg(x). It follows that, conditionally on {T¢ = oo}, the
Brownian motion with drift &, starting in C and killed at the boundary of C, is a
Markov process with transition probabilities

exp ((é,y —Xx) — @t)

he(y)
he(x)

gre(x, ) = p(x,y)
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Observe that hg(y)/he(x) — h(y)/h(x)as& — 0. Standard arguments now show that
as x — 0and & — 0, the distribution of this process approaches that of the Brownian
motion in the Weyl chamber, starting from zero.

Finally, we can rephrase this in the following way.

LEMMA 5.1

The distribution of the Brownian motion with a drift &€ € C, started at zero and
conditioned to stay forever in the cone C — x (where x € C), converges toward the
distribution of the Brownian motion in the Weyl chamber when x, & — 0.

5.3. Some further path transformations

Letwg = s1 - - - 5, be areduced decomposition, and write o; = ;. Letn : [0, T] — V
be a path with n(0) = 0. Recall that 1 is dominant if n(t) € C forallt < T. Set
ng =n,andfor j =1,...,q,let

Nj-1 =Py Py g, Xj = _oirzlfrafy(ni(t))'

Then

q
Pui(T) = (1) + Y xje;,
j=l1

and 7 is dominant if and only if x; = O for all j < g. We now introduce some new
path transformations and give an alternative characterization of dominant paths.

Let w € W be areflection; that is, w is conjugate to some element in S. We choose
a nonzero element « of V such that we = —«; then w is the reflection s, given by
(2.1), where «¥(v) = 2(«, v)/(e, ). As in [18], we call « a positive root when «" is
positive on the Weyl chamber C; it is a simple root when s, € S. Observe that one
has 2, = 2;, for all positive roots. (The left-hand side is defined by Definition 2.1,
and the right-hand side is defined by Matsumoto’s lemma in [8] since s, € W.)

Let B be a positive root, and let sg be the associated reflection. For any positive
root ¢, one has

$p Pasp = Psy)-
Consider the transformation 25 = %4 sg. One has

25 m(t) = sgn(t) + sup B (n(s)) B.

0<s<t

Furthermore, if wg = s1 - - - 54 is a reduced decomposition (s; € S), then
"@wo = gawo Wo = ”@ﬂl te Qﬂq’

where 81 =« and B; = s1---5;_10;.
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Now define transformations %, = 5,6, = t 24, where t = —k. One has
Dan(t) = n(t) + Tinf t a” (n() — n(t))a — Tinfoav(n(u))a. (5.3)
>u> >u>
Set

@wo =@ﬂl---@ﬁq =LQwOL,

and note that &,,, = t 2,,, (—k) wo.
For a path n, set p, = n, and for j < ¢, let
pi-t =Dy D, pgs yj=— Ik B (p;w).

LEMMA 5.2
For all paths n, one has

q
Pu(T) =n(T)+ Y yiB;. (5.4)
j=1

In particular, n is dominant if and only if y; = 0 forall j < q.

Proof
By construction,

q
Du(T) =0(T)+ Y yiB;.

j=1

Since Dy, n(T) = P,,n(T) by Proposition 4.3, this implies (5.4). The path n is dom-
inant if and only if 2,,,n(T) = n(T). By (5.4), this holds if and only if Z_,’ viBj =0,
and since the y; and §; are all positive, this is equivalent to the statement that y; = 0
forall j <gq. |

5.4. The representation theorem, first proof
The definitions of transformations 2y, 2,,, 2o, 2, €xtend naturally to paths
defined on R*. In this section, we prove that if X is a Brownian motion in V (started
from the origin), then 2,,X is a Brownian motion in the fundamental chamber C.
Since wy leaves the distribution of Brownian motion invariant, this implies that 2, X
is a Brownian motion in C.

To prove this, we first extend the definition of the Zg. Let 8 be a positive root.
For paths 7 : [0, +00) — V with 7(0) = 0 and «V (7w (¢)) — +o00 as t — o0 for all
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simple roots «, define
Dy () = w(0) +inf B (x(5) = 7(1)) B — inf B (w(5)) . (5.5)

Now set Z,,, = Yg, --- g, as before. Since Z,,, does not depend on the chosen
reduced decomposition of wy, we can also write &, = Zg -+ Dp,.

LEMMA 5.3
If w is a dominant path, one has 2., @, ® = 7.

Proof
It is easy to see that for any positive root 8 and path & : [0, c0) — V with £(0) =0
and inf,> BV (§(r)) = 0, we have 25 P& = &. Let no = 7, and let

nj =g - Dpmw, vt):= _igftﬁjv(njfl(u) —nj-1(1)).

Since 7 is dominant, we have, by Lemma 5.2 (with T — 00), v;(0) = 0 for each
Jj < g, and hence
“@wo@won = ”@ﬁl ...Qﬁq @ﬁq o "@ﬁl T =T,

as required. O

LEMMA 5.4

If X is a Brownian motion with drift in C, then 2,,X has the same distribu-
tion as X and, moreover, is independent of the collection of random variables
{inf,>0 V(X (1)), « simple root}.

Proof
To prove this, we first need to extend the definitions of &g and 24 to paths 7 defined
on R with 7(0) = 0 and «¥ (77 (¢)) — Loo ast — Loo for all simple a. Fort € R, set
2p7(t) = sp (1) + sup B (m(s)) B — sup B (7 (5)) B,
s<t s<0

and define Zgm by (5.5), allowing ¢ € R. Then, if ¢ denotes the involution
t(t) = —m(—t),

one has Yy = 1251 and 9y, 1= Dp, -+ Dp, = 12y, 1, as before. Note that
%, does not depend on the particular reduced decomposition of wp and also that
Dp(m(t),t > 0) = (Dgn(t),t = 0) and D, (7w (1), t > 0) = (Dy,7(t),t > 0). We
use the following auxiliary lemma.
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LEMMA 5.5
Let t : R — V with w(0) = 0, and let a(7(t)) — Loo ast — Foo for all simple
roots . Then, for all t € R,

— ir;f[ﬂv(n(u) — (1) =— ir<n;,3v(@,«j m(u) — Dy (1)).

Proof
This can be checked directly or deduced from (2.2). a

Introduce a Brownian motion Y indexed by R such that X = (Y (¢),r > 0) and
(tY(t),t = 0) is an independent copy of X. For any positive root g, the distribution
of Z4Y is the same as that of Y. This is a one-dimensional statement that can be
checked directly or can be seen as a consequence of the classical output theorem
on the (M /M /1)-queue (see, e.g., [26]). In particular, the distribution of ZgX is the
same as that of X. It follows that Z,,,Y has the same distribution as Y and that &,,, X
has the same distribution as X. Let Yy = Y, and let

V=g TpY. Vi) = —inf B (Vi) = Y ).

Note that Y, = Z,,,Y, and recall that, fort > 0, Z,,, Y (¢) = Z,,,X(¢t). By Lemma 5.5,
one has

Vo) = —inf B} (Yy(s) — Y, (1)),

Yq—l(t) = Yq(t) + (Vq(t) - Vq(o))lgq

and, by induction on k,
Vq—k(t) = - igfﬁjv(yq—k(s) - Yq—k(t))7
qukfl(t) = quk(t) + (quk(t) - quk(o))ﬂqfk-

It follows that the (V;(z), ¢t < 0) are measurable with respect to the o -field generated
by (Z4,Y(s),s < 0). In particular, the random variable V;(0) = inf,-o B, (X(¢))
is measurable with respect to the o-field generated by (Z,,Y(s),s < 0). Now,
for each o € S, there is a reduced decomposition of wy with 8; = «, so we see
that the random variables inf,~¢ o (X(#)), « simple root, are all measurable with
respect to the o-field generated by (Z,,Y(s), s < 0) and therefore independent of
(D, Y(s),s = 0), as required. Thus Lemma 5.4 is proven. a

THEOREM 5.6
Let X be a Brownian motion in V. Then 2., X is a Brownian motion in C.
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Proof

Let x,& € C, and let X be a Brownian motion with drift £&. The event “X re-
mains in the cone C — x for all times” can be expressed in terms of the vari-
ables inf;>0 ¥ (X(¢)), « simple root; therefore, by Lemma 5.4, it is independent of
(P, X(t),t > 0). Thus if R has the same distribution as that of X conditioned on this
event, then Z,,, R has the same distribution as X. Now we can let x, § — 0 so that X
is a Brownian motion with no drift and R is a Brownian motion in C; by continuity,
2.4, R has the same distribution as X. Now, by Lemma 5.3, 2, %,,R = R as. It
follows that 2,,, X and hence #,,, X are Brownian motions in C, as required. O

5.5. Random walks and Markov chains on the weight lattice

We now present the second proof of the Brownian motion property. We assume that
W is the Weyl group of the semisimple Lie algebra g, as in Sections 3.1 and 5.1, and
that V = a*. As in Section 5.1, let T be a maximal torus of the compact group K,
the simply connected compact group with Lie algebra ggr, a compact form of g. Let
w € P, be a nonzero dominant weight, and let x,, be the character of the associated
highest weight module. As a function on 7', this is the Fourier transform of the positive
measure R,, on P, which puts a weight m{; on a weight 1, where m{ is the multiplicity
of 1 in the module with highest weight . In other words,

o = ) moe(u),

HEP,
where e(11)(0) = €%70 is the character on T. We can divide this measure R,, by
dim w to get a probability measure
1

dim w

Vo w-

Consider the random walk X,,,n > 0, on the weight lattice whose increments are
distributed according to this probability measure, started at zero. Thus the transition
probabilities of this random walk are given by

mu)
Poltt, 1) = .
dimw
Donsker’s theorem and invariance of m® under the Weyl group imply the following

theorem.

THEOREM 5.7
The stochastic process Xy /~' N converges, as N — 00, to a Brownian motion on
a* with correlation invariant under W .
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Let us define a probability transition function g, on P by the formula

dlmu dlma) Z Goltts 2) dim A mA

Thus g, (u, 1) is equal to M(fwdim A/dim w dim pu, where M(’}w is the multiplicity of
the module with highest weight A in the decomposition of the tensor product of the
modules with highest weights w and u (see, e.g., [11], [5]).

LEMMA 5.8
One has
dim A
Golit, 1) = 5=} e)po(i+ p, wG: + ).
mu ew
Proof

Let dk be the normalized Haar measure on K. By the orthogonality relations for
characters, one has

M, = /K T (k) X, (k) o (k) .

Therefore
M} dim A dim A o
o, A) = ————— = — . X0.(k) X (k) X (k) dk.
dimwdimp dimpdimo Jg

Now we can use the Weyl integration formula as well as the Weyl character formula
to rewrite the formula as an integral over 7', the maximal torus of K. Thus

W|dim A —_—
Qo 2) = L AmA / Y eneae(wi(+ p) @)e

dim p dim w
wi, w7EW

x (w2l + 0))(O) 10 (0) d6,

where e(y)(0) = e*7:% and p is half the sum of positive weights. Now using the
invariance of x, under the Weyl group, we can rewrite this as

dim A —
Go(s A) = ————— /T Z e(w)e(r + p)(O)e(w(u + p))(0)xo(6) db
weW

dim g dim @

_ dim A
~ dimpu

> o+ 0w + ). 0
weW

From (5.2), Theorem 5.7, Lemma 5.8, and standard arguments, we deduce the follow-
ing proposition.
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PROPOSITION 5.9
Let Y be a Markov chain on Py started at zero, with transition probabilities q.,(i, A);
then Y([Nt])/ VN converges in distribution, as N — 00 to a Brownian motion in the
Weyl chamber C.

5.6. Pitman operators and the Markov chain on the weight lattice

We choose a nonzero dominant weight w and a dominant path 7 defined on [0, 1] with
(1) = w. Let B ® be the set of paths in the Littelmann module generated by 7.
We now construct a stochastic process with values in P. Choose independent random
paths n, € Bn“, n = 1,2, ..., each with uniform distribution on Br®, and define
the stochastic process Z as the random path obtained by the usual concatenations
nixmpx--- ofthen;,i = 1,2,....Inother words, one has Z(t) = ni(1)+n(1)+- - -
+n,-1(1)+n,(t—n)ift € [n, n+1]. Beware that this concatenation does not coincide
with Littelmann’s definition, recalled in Section 4.4, since we do not rescale the time.
Littelmann’s theory then implies that n,(1) is a random weight in P with distribution
v, and that Z(n),n = 0,1, ..., is the random walk in a* with this distribution of
increments.

THEOREM 5.10
The stochastic process P, Z(n),n =0, 1, ..., is a Markov chain on Py with proba-
bility transitions q,,.

Proof

First note that the set of paths of the form 1 % n * --- % n,, where n; € Br®, is
stable under Littelmann operators by [22]; therefore, by (2.3), it is also stable under
Pitman transformations. Consider a dominant path of the form y; * y, % - - - * y, with
all y; € Bn®. We compute the conditional probability distribution of 2,,,Z(n + 1)
knowing that 2, Z(t) = y1 xya - - -xy,(t) fort <n.Letpu = y1*y2%---*xy,(1). By
Corollary 2.10, the set of all paths of the form 1 * 1, * - - - % n,, such that 2,,,(n *n2 *
e e%1),) = Y1 kY2 % - -k Y, coincides with the Littelmann module B(y; %y %« - - % ;).
Now consider a path n,,+; € Bx and the concatenation 1y * 1, * - - - % 1, * 1,415 then
Py % M2 % - - - %1y % y41) 1s the dominant path in the Littelmann module generated
by 11 %12 % - - - %1, % n,41. By Littelmann’s version of the Littlewood-Richardson rule
(see [22, Sec. 10]), the number of pairs of paths (1 * 12 * - - - % 1,, n,+1) such that
Puo(Muxnpk- - -x1,) = Yrxyek- - -xy, and Py, (N1 %n2%- - k0, %1,41)(1) = Ais equal
to the dimension of the isotypic component of type A in the module which is the tensor
product of the highest weight modules ¢ and w; in particular, this depends only on p
and is equal to M;},qudim A. Since the total number of pairs (1] * 12 * -+ - % 9, Nyt1)
with 2, (1 % 02 % -+ - % 1M,) = Y1 % Y2 % --- %y, is dim pdimw, we see that the



164 BIANE, BOUGEROL, and O’CONNELL

conditional probability we seek is M a*) pdimA/dimwdim p = g,(p, A). This proves
the claim. O

5.7. Second proof of the representation theorem for Weyl groups

Putting together Proposition 5.9 and Theorem 5.10, we get another proof of Theo-
rem 5.6. Indeed, by Donsker’s theorem, the process Z([Nt])/+/N gives as limit the
Brownian motion in a*. By Theorem 5.10, the process 2,,,Z(n), n > 0, is distributed
as the Markov process of Proposition 5.9. Applying the scaling of Proposition 5.9 to
the stochastic process 2,,,Z(t), t > 0, yields for limit process the Brownian motion
on the Weyl chamber. Since 2,,,, is a continuous map that commutes with scaling, we
get the proof of Theorem 5.6 when W is the Weyl group of a complex semisimple Lie
algebra. O

5.8. A remark on the Duistermaat-Heckman measure
The distribution of the path ¢ € [0, n] — Z(t) is uniform on the set

B(@)y" ={ni *«mp*---xn,;m € Bn®}.

Therefore, for any path n € B(zr®)*", the distribution of (Z(s))o<s<n, conditionally
on Z,,Z(s) = n(s),0 < s < n, is uniform on the set y € B(7x®)*"; 2,y = n. It
thus follows from the Littelmann theory (see [22]) that the conditional distribution of
the terminal value Z, is the probability measure v,. It has been proved by Heckman
[17] (see also [16], [10]) that if y, — oo in a¥ and ey, — v, then D,v,, converges
to the so-called Duistermaat-Heckman (DH) measure associated to v, that is, the
projection of the normalized measure on the coadjoint orbit of K through v, by the
orthogonal projection on a*. This follows from Kirillov’s character formula for K.
From Section 5.7, we deduce that if X is the Brownian motion on a*, then the law
of X(T), conditionally on Z,,,X = y on [0, T], is the DH measure associated with

y(T).

A. Appendix. Proof of Proposition 2.2(iv)
Let n be a path. Defining w7 = Z,n, x = —infrssoa”’(n(t)), and 1, =
sup{t|a(n(t)) = —x}, we check that equation (2.2) is valid.

If t > 1y, then one has infy<;<; " (1(s)) = —x. Therefore

av(n(t)) = av(n(t)) + 2x
=x+ (ocv(n(t)) + x)

> X

for all > 1. It follows that inf (x, inf7~>, a" (7w (s))) = x for ¢ > fy. Formula (2.2)
follows for t > 1.
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Ifr < 1y, letu = inf{s > rla”(n(s)) = info<y<, @”(n(v))}. Thent < u < ty. One
has

a () = o (nw) — 201132 a” (n(v))
= —a’(nw)),

which implies that inf7s >, «¥(w(v)) < —infy<,<, «¥(n(v)) < x. On the other hand,
for v > ¢, one has

a’ (7)) = a"(n()) — ZOirxlgvoev(n(s))

\

> (' (n(v) — inf a"(n(s) — inf o (i(s)

> — inf Y .

= — inf o (n(s))
Therefore infrs,s; V(7 (v)) = —info<;<; @V (1(s)), and formula (2.2) for 1 < 1
follows. The existence and uniqueness in Proposition 2.2 follows. O
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