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ABSTRACT: We study the two-sample matching problem and its connections with
the Monge-Kantorovich problem of optimal transportation of mass. We exploit
this connection to obtain moderate and large deviation principles. For the classical
problem on the unit square we present a conjecture which, if true, yields an explicit

formula for the rate function.
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1 Introduction

Let X; and Y; be independent random variables, uniformly distributed on

the unit square, and consider the random quantity
n
1_ o )
T, = o-lélgn Zl ‘Xl Yo‘(l)‘v
1=

where S,, denotes the set of permutations of {1,...,n}. This is the canonical

two-sample matching problem. Ajtai, Komlos and Tusnady [1] prove the
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following: there exists K > 0 such that
1
E(nlog n)'/? < T! < K(nlogn)'/?, (1.1)

with probability 1 — o(1). Refinements and extensions of this result have
been obtained by Shor [12] and Talagrand [13], among others. It is still
an open problem to determine if (nlogn)~!/ 2T} actually converges, even in
expectation. A related problem is to determine the asymptotics of
oo s L i
T, _alenéfn I?SangZ Yo -

Leighton and Shor [9] obtained the following analogue of (1.1): there exists
K > 0 such that

%n‘lﬂ(log )4 < T < KnV/2(log n)*/4, (1.2)

with probability 1 — o(1). Concentration inequalities for these problems
have also been obtained. One of the main tools is the connection with
empirical processes. By ‘duality’, or generalisations of the marriage lemma,

the random variable T} can be related to the ‘empirical discrepancies’
Dp(X) = |[Ln — Al 7

and
Dy (Y) = || My, — All 7,

where L, = 23" 6x,, M, = 23 | 6y, A is Lebesgue measure on the

T n

unit square. Here
lull7 = sup{lu(f)] : f € F}, (1.3)

where F is taken to be the set of Lipschitz continuous functions on the unit
square with Lipschitz constant 1 and p(f) denotes [ fdu (see, for exam-
ple, [13]). The norm is defined on the set of signed measure p such that
u([O, 1]2) = 0. The asymptotics of such measures of empirical discrepancy
have been studied extensively in the empirical processes literature. One
motivation is the fact that on the space of probability measures the metric

defined by B(u,v) = ||p—v||# generates the weak topology (see, for example,



Dudley [3]). In particular, Dudley [4] obtains mean rates of convergence for
B(Ln, ) (actually, he considers a much more general setting); he obtains, in

this case, the estimate
EB(Ly, A) < en™Y2(1 4 logn).
This should be compared with (1.1).

The outline of the rest of the paper is as follows. In Section 2, we give some
background on the Monge-Kantorovich problem and make the connections
between matching and empirical discrepancy explicit. In Section 3, we use
these connections to obtain large and moderate deviation principles for the
sequences 1! and T°. We conclude with a conjecture which, if true, leads

to explicit formulae for the corresponding rate functions.

2 The Monge-Kantorovich Problem

In 1781, Monge [10] formulated the following problem:

Split two equally large volumes into infinitely small particles and
then associate them with each other so that the sum of products
of these paths of the particles to a volume is least. Along what
paths must the particles be transported and what is the smallest

transportation cost?

This problem was first made precise and studied by Kantorovich [6, 7].
Suppose that p and v are Borel probability measures on a compact metric
space (F,d) and II(u,v) is the space of all Borel probability measures 7 on
E x E with fixed marginals p(-) = (- x E) and v = 7(E x -). Kantorovich
defined the metric

p(p,v) = inf{/EXEd(x,y)ﬂ(dx, dy) : me (u, 1/)} (2.4)

and proved that
pi(p,v) = [lp = vz, (2.5)



where || - || £ is defined by (1.3). The properties of p; and its relatives have
since been studied extensively: see Rachev [11] for a monumental survey
of the literature. In particular, it was shown by Kantorovich and Rubin-
shtein [8] that p; metrises the weak topology on M (FE), the space of prob-
ability measures on FE. A related metric, which is also associated with the

Monge-Kantorovich problem, is defined by

poo(pt,v) = inf sup{supp mod '}, (2.6)
rel(uw)}

where supp 7o d~! denotes the support of the probability measure 7o d !,
which is bounded since F is compact. Equivalently,
Poo(pt,v) =inf{e > 0: pu(A) <v(A%),A e B(E)}, (2.7)

where A° = {z : d(z, A) < €} and B(E) is the Borel o-algebra on E. The
topology generated by poo is finer than the weak topology. However, it can
be shown (see Lemma 3.3 below) that, in the special case where E is the
unit square in R? and \ is Lebesgue measure on E, the function peo(-, \) is

weakly continuous.
The matching problem is related to the Monge-Kantorovich problem by the

following lemma.

Lemma 2.1 For z,y € E", setl, = 23" | 6, and m, =237 | 6,.. We

have the following identities:

ns n - f* 1 Jo
p1(ln,m UlenSn Zd:c Yo(i))

OOlTl7 n) — f d 1y Jo(1 :
poo(ln,mn) = inf maxd(z;, yo(;))

Proof. For o € Sy, set
1 n
= 2 2 o)
=1

We will argue that any = € II(l,,, m,) can be written as

™= Z Bom?,

oESy
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for some collection of non-negative numbers (5, with

Zﬁazl-

O'ESTL

From this it would follow that
p1(lny ) = inf{/ d(z,y)m(dz, dy) : 7 € H(ln,mn)}
ExXE

- inf{ S 6, /EQ d(z,y)n (da,dy) : B, >0, Y By = 1}

c€Sn og€Sy

= inf/ d(x,y)n’ (dx, dy)
o€Sn ) g2

N
= inf *Zd(ﬂﬁi,yo(z’))
=1

gES, N “

and

Poo(ln, my) = inf {sup {Supp rodl: 7e H(ln,mn)}}
= inf{sup {supp <Z B, od t: B, >0, Z By = 1)}}
oESRH €S
= aiélgn sup {supp 7% od "1}

- ma o)

as required. The above claim is fact an immediate consequence of the
Birkoff-von Neumann theorem (or the Krein-Milman theorem, of which it
is a corollary), which states that any doubly stochastic matrix can be writ-
ten as a convex combination of permutation matrices (see, for example, [2,
Theorem 2.1.6]). (Recall that a non-negative matrix is doubly stochastic if
each of its rows and columns sum to one; a permutation matriz of order n is
a matrix of the form 1{c (i) = j}, for some o € S,,.) To see this, note that
if m € 1I(l,,, my,) then

1 n
™= iy
i=1

where A = (a;;) is a doubly stochastic matrix. By the Birkoff-von Neumann

theorem, there exist non-negative constants 3, with > s, B = 1, such



that
aij = Y Bolo(ii—;
O’GSn
for all 7,5 < n. It follows that

™= Z Bom?,
oESy

as claimed. O

We thus have the following identities, where E is now taken to be the unit
square:
Té = np1(Ln, Myp) = n||Ln — M| 7

and
Tr?o = poo(Lna Mn)

The first of these identities is the underlying force behind the work of Ta-
lagrand and Shor. In the next section we will use (more general versions
of) these identities to obtain large and moderate deviation results for the

matching problem.

3 Large and moderate deviations results

Let (X, )n>1 be a sequence of random variables defined on a probability space
(Q,F, P), with values in a Hausdorff topological vector space E equipped
with the Borel o-algebra £. Denote by M (FE) (resp. My(FE)) the space of
probability measures (resp., finite signed measures) on (E, ). Let u,, denote
the law of X,,. We say that the sequence X,, (equivalently, u,) satisfies the
large deviation principle (LDP) with rate function I, if for all B € £,

1 1
— inf I(z) <liminf —log p,(B) < limsup — log i, (B) < — inf I(x).
reB° n n n n re€EB

Here B° and B denote the interior and closure of B, respectively.

Let (an)n>1 be an increasing, positive sequence such that

an,

a, — oo and — 0.

B



We say the the sequence X, satisfies the moderate deviation principle (MDP)
with rate function I and speed a2, if for all B € &,

1
— inf I(z) < liminf — log P <\/ﬁXn € B)
noa

reB° n n

1
< limsup — log P <\/ﬁXn € B> < — inf I(z).

n ay, Qan z€B

It doesn’t complicate matters to consider an abstraction of the matching
problem, so we shall do just that. Let X; and Y; be independent random
variables taking values in a compact metric space (E,d) with common law
1, and consider the random quantities defined by

n

Ty = inf » d(X:,Y,0)

TgES), 4
1=1
and
T:;o = Uiéngﬂ I{lgag( d(XZ, Ya(z))

Then )

7T'r1 = p1(Ln, M)

n
and

Tgo = POO(Lna Mn)a

where p; and po, are the metrics on M;(FE) defined by (2.4) and (2.6).
Since F is compact, p; induces the weak topology on M;(E). Note that the
compactness of F is required. To see this, let X have a Pareto distribution
on R with infinite mean and let X,, have the truncated distribution, namely

that of X A n. Clearly, X,, converges weakly to X but, for any coupling
(X, X,), we have

EX -X,] > FE[(X - X,)I(X >n)] = E[X1(X >n)] —n = oo,
for all n. Hence p1(X, X,,) is not even finite, for any n.

Since p; induces the weak topology on M;(FE), the following is an immedi-
ate consequence of Sanov’s theorem and the contraction principle (taking

products is continuous in the weak topology).



Theorem 3.1 The sequence P(T}/n € -) satisfies the LDP in R with rate
function
1(2) = mt{H (1 |p) + Halp) : p1(1,) = ).

Here, for probability measures 1 and v on E, H(v|u) denotes the relative
entropy or Kullback-Leibler divergence of v with respect to u. It is defined
as [ g dvlog Z—Z if v is absolutely continuous with respect to u, and is defined

to be infinite otherwise.

Due to the highly discontinuous nature of p,, we can only conjecture that

the sequence P(T5° € -) also satisfies the LDP, with rate function given by
Ioo(@) = inf{H(m|u) + H(valp) : poclin,v) = a}.

We can, however, deduce the following ‘grid-matching’ version.

Theorem 3.2 If E is the unit square and the points X; are generated ac-
cording to Lebesque measure A on E, then the sequence P(poo(Ln,\) € -)
satisfies the LDP in R with rate function

Io(z) = inf{H(V|A\) : poo(v,\) = z}.

This is a simple consequence of Sanov’s theorem, the contraction principle,

and the next lemma.

Lemma 3.3 If E is the unit square and X is Lebesque measure on E, then

the function peo(-, \) is weakly continuous.

Proof. Let v, be a sequence of probability measures on E converging weakly
to v. Define

d=po(\v), d= linrri)'gf Poo (A, 1), da = liririsolép Poo (A, ).
Then we can find a subsequence v, such that poo (A, vp)) — di as k — oc.
In other words, given € > 0, there is a K such that poo (A, V) < di + € for
all k > K. Hence,

AA) < vy (ATF) VA€ B(E), k> K.

8



Now, using the fact that the v, converge weakly to v, we have

A(A) < limsup vy (Ad1Fe) < p(Adite) < v(ADT2) YA e B(E),

k—o0

and so poo(A, V) < dj + 2e. Since € > 0 is arbitrary, we obtain
Poo(A, V) < di = liminf poo (A, 1),
n—oo
i.e., poo(A, -) is lower semicontinuous.

To show upper semicontinuity, we shall use the fact that the weak topology

is metrised by Levy’s metric,

D(p,v) = inf{d : u(F) < v(F°) 44V closed F C E}.

Recall that A\(A) < v(Adt+e) for any A € B(F) and any € > 0, where d =
Poo(A, V). Since v, converges weakly to v, it follows that for any given ¢ > 0,
there is an N such that

AMA) < p(AdH2) <y, (Ad+H2+€’) L &3 v A e B(E), n> N.

Suppose first that A€ isn’t the unit square, E. Then there is a point = in F
such that B(z,€/2), the circle of radius €/2 centred at z, is contained in A*

but doesn’t intersect A. Since A is Lebesgue measure, it follows that
A(AY) 2 AAU B(z, 7)) = MA) + A(B(e,5)) = MA) + 7
Thus, for € sufficiently small,
AMA) < v, (A4T39) ¥V Ae B(E), n> N.

The above inequality holds trivially, for all n, if A° = E since A(4) <1 =
vn(E) by the fact that A and v, are probability measures on E. Thus, we
have shown that poo (A, v,) < d+ 3¢ for all n > N, where d = poo (A, v). But
€ > 0 is arbitrary, so we conclude that

Poo()\, V) > lim sup POO()H Vn)»

n—oo



€., Poo(A,+) is upper semicontinuous. This completes the proof of the

lemma. O

We are not able to explicitly solve the optimisation problem in Theorem
3.1 but we characterise the solution in the theorem below, following some
definitions. Given a compact metric space (E,d) and a Borel probability
measure f on it, we denote by Fy the set of Lipschitz functions f on E, with
Lipschitz constant 1, such that [ fdu = 0. For § € R, we define

As(0) =logE,, "] = log/ O dp(x),  Ly(0) = Ap(0)+A5(=0), (3.8)
E
and for x € R, we set

Aj(x) =sup Oz — As(0), Lj(z)=sup 0z — Lg(0).
0eR 0eR

Remark 3.4 [t is easily seen to be a consequence of the fact that E is
compact and f Lipschitz that Ay(8) and L¢(0) are finite and continuously
differentiable at all 6 € R, with

9f(:1:
A/f(‘g) fff (x)dﬂ /f 0f )= )dﬂ( ) (3.9)
1(0) = Np(0) — Ny(—90). (3.10)

Moreover, A'(0) = L;(0) = 0 by the assumption that f € Fo.

Theorem 3.5 In the context of Theorem 3.1,

_ [ infrer L}(2), if 2 >0,
hiz) = {—i—oof if © <O0. (3:-11)

Note that if x < 0, then there do not exist probability measures v, and
ve on (E,d) such that |11 — ve||F = x, since || - || is non-negative. It is
now immediate from the definition of I; in Theorem 3.1 that I;(z) = oc.
Next, if x = 0, the infimum in the definition of I; in Theorem 3.1 is zero

and is achieved by v1 = v5 = p (as the infimum clearly cannot be negative).

10



Moreover, it can easily be verified from the definitions that L}(0) = 0 for
any f € Fo, since L(0) = 0 (see Remark 3.4) and Ly(0) = 0. Thus,
I,(0) = inf ez, L}(0) = 0. Hence, it only remains to prove the theorem in

the case x > 0, which we do following the next two lemmas.

Lemma 3.6 For each x > 0, either I (x) = oo or there are Borel probability
measures vy, vy on (E,d) such that the infimum in the definition of I in

Theorem 3.1 is achieved at (vi,v2).

Proof. Let M;(FE) denote the set of Borel probability measures on F,
equipped with the weak topology. M;(E) is compact since E was assumed
to be compact and so M1(E) x M;(FE) is compact in the product topology.
(11,2) — p1(v1,12) is continuous on Mj(E) x Mi(FE) since p; metrises the

weak topology on M;(E). Hence,
{(v1,12) € Mi(E) x My(E) : |1 — 127 =},

being a closed subset of a compact set, is either empty or compact. Since
H(-|p) is lower semicontinuous in the weak topology (see, for example, [5,
Lemma 1.4.3]), it follows that the infimum in the definition of I;(z) in
Theorem 3.1 is either infinite or is achieved by some vy, vy € M1 (E). O

Lemma 3.7 Letx > 0, and let v1, vo be probability measures on E such that

p1(v1,v2) = x. Then, there is an f € Fo such that p1(v1,1v2) = (v1 —12)(f).

Proof. Since v, vy are probability distributions, (1 — v2)(f) is unchanged
by adding a constant to f. Hence, by (2.5),

p1(vi,v2) = sup(v1 — v2)(f) = sup (v1 — 2)(f).
fer feFo

But Fy is a compact subset of L°°(E) by the Arzela-Ascoli theorem, since
it is closed, bounded (due to the compactness of E) and equicontinuous.
Moreover, f — (v1 —v2)(f) is continuous on L*°(FE). Hence, the supremum

in the equation above is attained at some f € Fy, as claimed. O

11



Proof of Theorem 3.5. Recall that we need only prove the theorem for
z > 0. We first show that Iy (z) > infrer, L} (z) for all z > 0. If [1(z) = oo,
then the inequality holds trivially. Hence, suppose that I;(x) is finite. Then,
by Lemma 3.6, the infimum in the definition of I;(x) in Theorem 3.1 is
attained by some vy, vo € M;(E) which are absolutely continuous with

respect to p. Furthermore, by Lemma 3.7, there is an f € Fy such that

p1(v1,12) = (11 —v2)(f) = . (3.12)

Fix one such f. Since v, < pu, the last equality in (3.12) implies that
ess-sup f — ess-sup (—f) > z, where the essential suprema are with respect

to p.

Let Ay and Ly be defined as in (3.8), with f € Fo as above. Then, L,(0) =0

as noted in Remark 3.4, and

lim L'(n) = lim A%(n) — A(—n) = ess-sup f — ess-sup (—f) > .

n—oo n—00

Hence, given 0 < € < x, it follows from the continuity of L’f that we can
find a # € R, such that

Ly(0) =z —¢ and so L}(z —€) = O(x — €) — Ls(0). (3.13)
For 0 as above, define Ay and A_y by

C?/f(z) — ()AL 0), dgf@ = =0 (=0), (3.14)

Clearly, A\p and A_y are probability measures on (F,d), 11 < A\g and vy <
A_g since Ag and A_y are equivalent to pu. Thus, by the definition of v; and

12



v,

dv dv
Li(z) = H(vi|p) + H(welp) = /Edullogdlul—i—/Edyglogdj

/dl/1 log — d)\e /dI/2 log d/\ ; /dm log+/ duvo log

— H(n|h) + H(va M) + /E (0£(2) — Ag(0))dwi (=) + /E (~07(2)

> 0(v1 —v2)(f) = Ap(0) = As(=0) = Oz — L(6)
> L(x —e).

Here, the first inequality follows from the non-negativity of relative entropy
and the fact that v1 and v, are probability measures, the following equality
from (3.12), and the last inequality from (3.13) and the non-negativity of
f and e. Since the above holds for arbitrarily small € > 0, it follows from
the lower semicontinuity of L} (it is the supremum of continuous functions)
that L}(x) < I(z). Hence, also

inf L <T . 1
inf L) < 1) (3.15)

Next, we prove the converse inequality, i.e., that L;Z(a:) > I(x) for all f €
Fo. If f is such that ess-sup f — ess-sup (—f) < x, then it can readily
be verified that L?(x) = oo, and so the claimed inequality holds trivially.
Suppose next that f € Fy is such that ess-sup f — ess-sup (—f) > x. We

proceed as before: for arbitrary e € (0,z), we choose 6 as in (3.13) and
define Ag and A\_g as in (3.14). Then,

(o= Aa)f) = MO [ gt — e [ petiay
= NN (0) — Nj(=0) = L}(0) = z—e. (3.16)

Hence, p1(Ag, A\_g) > x—¢, and a := (x—¢€)/p1(Ag, A_g) € (0,1]. (It is strictly
bigger than zero because we assumed that € < x, and p1(A\g, A_p) is finite by
the assumption that E is compact.) Now, if we define Ag = adg + (1 — a)p

13

— Aj(=0))dva(2)



and A_g = a)\_g + (1 — a)u, then it is easy to see that pl(j\g, 5\,9) =z —e€
Moreover, by the convexity of H(-|u), H(Xg|p) < H(Mg|p) and H(A_g|p) <
H(A_g|p). Thus, we have

I —¢) < HOlp) + HO olu) < HOul) + HOolp)
- / (0f — A7(0))dN + / (=0f — Ap(—0))dA g
E E

=00 = Ag)(f) = Ap(0) = Ap(=0)
=0(x—¢€)—Lg0) = Li(z —e). (3.17)

Next, we note that L}(-) is non-decreasing on Ry. This is immediate from
the fact that L} is non-negative (since L(0) = 0) and convex (since it is
the supremum of linear functions), and that L}(0) = 0 (since L;(0) = 0).
Therefore, we obtain from (3.17) that I;(z —€) < L}(z) for all e € (0, ).
But I; is lower semicontinuous since it is a rate function. Hence, letting
€ decrease to zero, we get I1(z) < L3j(x) for all f € Fo. Combining this
with the converse inequality established in (3.15) completes the proof of the

theorem. 0

It is not as straightforward to obtain moderate deviation principles from
Sanov’s theorem because p1(-,-) and, in the case where E is the unit square
and the points X;, Y; are generated according to Lebesgue measure \ on F,
Poo(+, A), are not continuous functions on the space of signed measures. We
shall use results of Wu [14], who derives conditions for the MDP to hold
uniformly over a class of functions, to obtain an MDP for 7! /n. The MDP

for poo(Ly, \) remains an open problem.

Denote by F the space of Lipschitz functions f on the unit square, with
Lipschitz constant 1 and such that 0 < f < 2. Let do(f,9) = ([(f —
g)2d\)'/? denote the Ly metric on F, where X is Lebesgue measure on the
unit square. It is not hard to see that (.7:" ,d2) is totally bounded. Denote
by {0 (.7:" ) the space of bounded real functions on F, and equip it with the
sup norm. Every signed measure v € My(E) corresponds to an element

v e lso(F) given by y]:—(f) =v(f) == [ fdv for all fc F.

14



It is suggested by (1.1), (2.5) and the identity T,}/n = p1(Ln, M,), and has
been shown by Talagrand [13, Theorem 4.1] that, for any positive sequence

an, we have

W oo Y ) 0 = Y - 0, (3.18)

Viogn an an

where -2 denotes convergence in probability and A denotes Lebesgue mea-

sure on the unit square. Now the following theorem is an easy consequence
of [14, Theorem 2.

Theorem 3.8 For any positive sequence a,, such that

an an
-0 and— — oo,

Vi Viogn

T, ¢ \) satisfies the MDP in R with speed a,,? and rate

vnan

the sequence P(

function
1 d d

Ji(z) =inf { = (£)2 + (2)2 d\: vi(E) =1a(F) =011, < A\, p1(v,10) =z ¢ .
2 dA dA

The solution to the above variational problem is as follows.

Lemma 3.9 In the context of Theorem 3.8,

1.2

Ji(z) = .
1(@) ASUp ez [ F2dN

Proof. Let the supremum in the denominator above be attained at f € Fy
(recall that Fy is a compact subset of L°(E) and that g — [, ¢%d\ is

continuous on L>*(E)). Fix x > 0 and let the signed measures A\;, A2 on E

be given by
LM(Z) _ ZL‘f(Z) @(2) _ —ZEf(Z)
dx 0 2 f2dN dx 7 2 2N
It follows from the definition of Fy that A\ (E) = A2(E) = 0. We also have
2z [ f2dA
)\ - A = —FF =

15



and so p1(A1, A2) = || A1 — A2]| 7 > x. Also,

1 [rdA A a2 2f N 2
2/[(cﬂ)2+(d)\)2 A = ?(2ff2d)\)2 - 4ff2d/\’

Now, if p1(A1,A2) = y > «, then defining \; = xAi/y, i = 1,2, we have
p1(M1, X2) =z, and

1 [rd\ o dg, z? d\i 5 dho
= —_— —)dN = — — dA
2/[(d)\)+(d)\)} 2y? [(d)\)—i_(d)\)}
1 d\1.9  ,dAg 4
— —_— dA.
2/[((1)\) +(d)\)]
Thus, we have from Theorem 3.8 and the definition of f that

z? z?
J < = .
(@) < 4 [ f2dN 4supyeg, [ g2dA

(3.19)

Next, suppose vy, v2 belong to the set over which the infimum in the defini-
tion of Jj is taken. Then, v1,v9 < A. Let g1 = dv1/dX and go = dva/d be
the corresponding density functions. We have for arbitrary f € Fy that

(1 — ) (f) /f91—92d>\ /fdA/gl 92)°

<2 [ £ar [ (gt + i

where the first inequality is the Cauchy-Schwarz inequality, and the second
follows from the fact that 2|g1g2| < g7 + g2 pointwise. Since this inequality
holds for all f € Fy, taking the supremum over Fy yields

d d
p1(v1,12)? < 2 sup /de)\/ yl +( V2)2 dA.
feFo dA

But p1(v1,v2) = z. Since the above inequality holds for all 14, v, in the set
over which the infimum in the definition of .J; is taken, it follows that

1‘2

dsuppeg, [ fRN

Combining this with (3.19) yields the claim of the lemma. O

Ji(x) > (3.20)

16



4 A conjecture

Consider the case where F is the unit square, centred at the origin. By
Theorem 3.9, the rate function governing the MDP for T} is given by J; (x) =

22 /4c, where

¢ = sup / f2d. (4.21)

feFo JE
We conjecture that, in (4.21), the supremum is achieved at f = ¢ € Fy,
where
o)=L —S<ay<s

A simple calculation yields that [ B @*d\ = 1/12 and so our conjecture is
that

Ji(z) = 32°.

Clearly, taking f = ¢ yields the upper bound Ji(x) < 32?%; an easy lower
bound is obtained by noting that, for any g € Fy,

| s@ra@ =g [l - seraxwn)

<

| =

1
[ o= sPax@i = ¢
ryek
which implies J;(z) > 32%/2.

It is also possible in this case to compute the rate function I; governing
the LDP, but again we need to base this on a conjecture. This time, the
conjecture is that, for all # € R, the supremum of Ls(6) over f € Fy is
achieved at f = . If this is true, then

Ii(z) = Lg(x)
for z > 0. To see this, note first that I; < L7, by Theorem 3.5. On the

other hand, assuming the above conjecture, we have

Ii(xz) = inf supfz — L¢(0)

feFo peRr
> sup inf Ox — L;(0
= sup Inf £(0)
= sup bz — L,(0),
feR

17



as claimed. It is an elementary calculation to show that

b0 e[ (e (2) 1]

Note that both of the above conjectures are true if:

Conjecture. Let E be the unit square centred at the origin. For all positive

(2k)

integers k, the supremum of the (2k)"* cumulant Ay(0) over f e Fo is

achieved at f = .
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