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Partitions and tableaux

Let n be a positive integer. A partition A - n is a sequence of integers
Al >A>--->0suchthatn = A\ + Xy + .

The diagram of a partition A is a left-justified array of boxes, A; in the first
row, A\, in the second row, and so on.

For example, the diagram of the partition (4,3, 1) - 8 is
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Partitions and tableaux

A standard tableau of shape A - n is a filling of (the diagram of) A with the
numbers 1,2, ..., n which is increasing across rows and down columns.

A standard tableau with shape (4,3, 1) - 8:

3[5]6]
418

|\1N-
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The Robinson-Schensted correspondence

From the representation theory of S,
n! = Z a3
An

where d) = number of standard tableaux with shape A.

In other words, S, has the same cardinality as the set of pairs of standard
tableaux of size n with the same shape.

Robinson (1938), Schensted (1961): Bijection between S, and such pairs

o +— (P,0).
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The Robinson-Schensted correspondence

For example,

356214
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|U1-l>»—

Schensted (61): The length of the longest row of P (and Q) equals the length
of the longest increasing subsequence in the permutation o.
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The RSK correspondence

Knuth (70): Extends to a bijection between matrices with nonnegative integer
entries and pairs of semi-standard tableaux of same shape.

A semistandard tableau of shape A - n is a filling of A with positive integers
which is weakly increasing across rows and strictly increasing down columns.

A semistandard tableau of shape (5,3, 1):

21215]7]
3]8

|4>UJ>—A
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The RSK correspondence

For example,

02 2 1[1]2]2]3] 1[1]1]1]3]
11 0 — 21213 21213
111 3] |3 ]

If (a;) — (P, Q), then

Cj:Zaijz fj’sin P
i

R,-=Zaij: ﬁi’sinQ
J



Schur polynomials

For indeterminates x = (xy, x, . .., x,) define
SX ()C) = Z xPa
sh p=x

where the sum is over semistandard tableaux P of shape )\, and

UsinP_42's in P Is i
xP:xlti s xzﬁ smb o xprsink

E.g.,
_ 2 2
$2,1(X1,%2) = x1x2 + X123



Schur polynomials

The Schur polynomials s (x), A - n, form a Z-basis for homogeneous
symmetric polynomials in x1, . . ., x, of degree n, with integer coefficients.

Irreducible characters of SU(r) are given by

AM) = sy (€9, "),
for partitions A with at most r — 1 parts.

An important application of the Robinson-Schensted correspondence was to
prove the Littlewood-Richardson rule, which provides a combinatorial
interpretation of the coefficients c’§ u in the expansion

v
SASy = E ChuSv-
v
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Cauchy-Littlewood identity

Let N"*" 5 (a;;) — (P, Q) under the RSK correspondence.
Then C; =3 ,a; = #jsinPandR; =} ;a; = §i’sin Q.
For x = (x1,x2,...,%n) and y = (y1,y2,...,yn) We have
[Toae =TT T =2
ij j i
Summing over (a;j) on the left and (P, Q) on the right gives

[T =x) ™ =D sa@san().

ij A
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Tableaux and Gelfand-Tsetlin patterns

Semistandard tableaux <— discrete Gelfand-Tsetlin patterns

—_
—
[\S]
[\S]
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Pairs of tableaux and reverse plane partitions

1[1]1]2]2]3] 1[1]1]1]2]3]
2 303 2 3
13 13

[ ] [}
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0123456 0123456



Pairs of tableaux and reverse plane partitions

1[1]1]2]2]3] 1[1]1]1]2]3]
2[213]3]3 2[2]2]3]3
13 13
[ ]
[ ]
[ ] [ ]

0123 456



Pairs of tableaux and reverse plane partitions

1[1]1]2]2]3] 1[1]1]1]2]3]
2[213]3]3 2[2]2]3]3
13 13
[ ]
[}
. . 1 23
. 355
° 4 5 6



RSK as a tropical map

Assume m = n for simplicity. Then RSK is a map B : N"*" — N**",
A = (a;) — B = (bj;) where B is a reverse plane partition.

We have the following formulae:

by, = max E ajj

o (ij)ed

(1,1)
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RSK as a tropical map

=] F = = DA
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RSK as a tropical map

bn k+1,m—k+1 + ...+ bnm

max E ClU
pert®

(n,m) (i) €@

(n,m)

(1,1)

=] F = = DA
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RSK as a tropical map

bn k+1,m—k+1 + ...+ bnm

— e Y
¢€H(n m) (lJ (0]

=] F = = DA
Neil O’Connell




Birational RSK correspondence

Replacing these expressions by their (+, x) counterparts, A.N. Kirillov (00)
introduced a geometric lifting of RSK correspondence. It is a birational map

T: (Rog)™" = (Rsg)™"
X =(x5) — (t;j) =T =T(X).
Forn =2,
X21 X11X21

X11 X22 — x12X21/(x12 +x21) anzz(xlz —|—x21)
X12 X11X12
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Birational RSK correspondence

tin = Z H Xij

d’en(n,n) (lx])e¢

(n,n)

=] F = = DA
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Birational RSK correspondence

tam = Z H Xij

¢en(n,m) (l,])e(,f)

=] F = = DA
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Birational RSK correspondence

T—k+1,m—k+1 -« - Inm = 2 H Xij

k) (ij)e
pen) (iy)€d

(n,m)

=] F = = DA
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Birational RSK correspondence

T—k+1,m—k+1 -« - Inm = 2 H Xij

k) (ij)e
pen) (iy)€d

=] F = = DA
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Whittaker functions

@ Whittaker functions were first introduced by Jacquet (67). They play an
important role in the theory of automorphic forms and also arise as
eigenfunctions of the open quantum Toda chain (Kostant 77)
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Whittaker functions

o Whittaker functions were first introduced by Jacquet (67). They play an
important role in the theory of automorphic forms and also arise as
eigenfunctions of the open quantum Toda chain (Kostant 77)

@ In the context of GL(n, R), they can be considered as functions ¥ (x) on
(R-0)", indexed by a (spectral) parameter A € C"
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Whittaker functions

o Whittaker functions were first introduced by Jacquet (67). They play an
important role in the theory of automorphic forms and also arise as
eigenfunctions of the open quantum Toda chain (Kostant 77)

o In the context of GL(n, R), they can be considered as functions ¥ (x) on
(R-0)", indexed by a (spectral) parameter A € C"

@ The following ‘Gauss-Givental’ representation for W is due to Givental
(97), Joe-Kim (03), Gerasimov-Kharchev-Lebedev-Oblezin (06)
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Whittaker functions

A triangle P with shape x € (R)" is an array of positive real numbers:

211

222 221

Zmn e Zn1

with bottom row z,,. = x.

Denote by A(x) the set of triangles with shape x.



Whittaker functions

Let
211
222 221
P =
Znn an
Define
Ao A
Ry R "
PP=RM[Z=) 2 recn
! (R1> <Rn—1 ' ’

=] F = = DA
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Whittaker functions

Let
211
2 221
P =
Znn an
Define
A2 A k
Ry R "
Pr=R"(2) recC” Ry = ;
1 (R1> <Rn_1 s 5 k il;Ilel
211
. 7 N
]:(P) _ <a /‘222 221
Zp
a—b

N N
733 232 131
o = = = 9ac



Whittaker functions

For A € C" and x € (R+()", define

where dP = ngigk@ dzii [ ki-

Forn =2,

\I](V/L—V/Z)(x) = 2K, (2 X2/)C1) .

These are called GL(n)-Whittaker functions.

They are the analogue of the Schur polynomials in the birational setting.

Neil O’Connell 25/33



Birational RSK correspondence

Recall
13
153} 13
X = (x,]) — (tij) =T = 581 125 133
2 3
113

= pair of triangles of same shape (%,

(n,m)

tan = 2 ger,,, N ij)eo Xi

1,1
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Birational RSK and Whittaker functions
Recall: X = (x;) — (t;) = T(X) = (P, Q).

Theorem (O’C-Seppilédinen-Zygouras 14)

@ The map T is volume-preserving

e Forv,\ € C",
[Tx =P

ij
@ The following identity holds:

1 1
L= L P+ F(O)
7 Xij 11

Remark - this result is a (significant) refinement of earlier works [O’C *12] and
[Corwin-O’C-Seppildinen-Zygouras ’ 14] where the connection between the
geometric RSK correspondence and Whittaker functions was first established.
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Analogue of the Cauchy-Littlewood identity

It follows that

i i il
Integrating both sides gives, for #(v; + A;) > 0:
Corollary (Stade 02)
n d .
HF(U,- + ) = / eV, (x) W) (x) H il
i R iy i

This is equivalent to a Whittaker integral identity which was conjectured by

Bump (89) and proved by Stade (02). The integral is associated with

Archimedean L-factors of automorphic L-functions on GL(n, R) x GL(n,R).

Neil O’Connell
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Local description

Key ingredient of the proof is a decomposition of the birational RSK map T
as a composition of local birational maps of the form:

b b
a e d — a e d
c c

where

Cc

e’ = (a+D) <1+$>_1.

This is related (via a change of variables) to Ptolemy’s relation.
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Ptolemy’s relation

Ptolemy's
Theorem

The product of the
diagonals equals
the sum of the
praducts of the
twio pairs of
opposite sides.

AC B =1 AR O+ AT = B0

u]
]
I

w
i
N
yel
Q
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Symmetric input matrix

Symmetry properties:
T(X')=TX)
X+~ (P,0) = X'~ (Q,P).
X=X =

Theorem (O’ C-Seppilédinen-Zygouras 14)

The restriction of T to symmetric matrices is volume-preserving. J




Symmetric input matrix

The analogue of the Cauchy-Littlewood identity in this setting is:

Corollary
Suppose s > 0 and R\; > 0 for each i. Then
S dx; uy
/ e U | (x) xi = s~ Zi= M TrOw I+ M)
(R>0)" i i

=1 i<j

This is equivalent to a Whittaker integral identity which was conjectured by
Bump-Friedberg (90) and proved by Stade (01). The integral is associated
with Archimedean L-factors of automorphic L-functions on GL(n, R).
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Some things I didn’t talk about

@ Connections to Toda (integrable systems)
o Connections to random matrices
@ Applications to random polymers, KPZ equation, etc.

@ ¢- (and -) analogues
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